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® 1959 Mikhatlo Tosipovych Yadrenko [Yadrenko, 1959] published the vector bundies
Karhunen—Loéve expansion of an isotropic random field on the sphere S” in M‘;."j’;f;';yko
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X/"'s are random, centred, uncorrelated, with unit variance.

The Bell Telephone Laboratories constructed a large microwave antenna
known as the Holmdel Horn Antenna, for the purpose of satellite
communications.
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Time line

® 1964 Using this antenna, Arno Penzias and Robert Woodrow Wilson
serendipitously discovered the Cosmic Microwave Background, which they
describe as

This excess temperature is, within the limits of our observations, iso-
tropic, unpolarized, and free from seasonal variations (July, 1964-April,
1965).

1982 Philipp James Edwin Peebles introduced the expansion of the CMB
temperature in complex-valued spherical harmonics

T(0,0) = To(1+)_a"Y/"),

a]"s are random, centred, but highly correlated: a; ™ = (—1)™a".
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Time line

® 1992 George Fitzgerald Smoot Il and his team discovered what they called
the anisotropy of the Cosmic Microwave Background. In other words, they
proved by observations that the coefficients aj” are non-zero.
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Time line

® 1992 George Fitzgerald Smoot Il and his team discovered what they called
the anisotropy of the Cosmic Microwave Background. In other words, they
proved by observations that the coefficients aj” are non-zero.

® 1996 Two teams of researchers published two different expansions of the
CMB polarisation on the sky sphere, without rigorous mathematical proofs.
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Time line

® 1992 George Fitzgerald Smoot Il and his team discovered what they called
the anisotropy of the Cosmic Microwave Background. In other words, they
proved by observations that the coefficients aj” are non-zero.

® 1996 Two teams of researchers published two different expansions of the
CMB polarisation on the sky sphere, without rigorous mathematical proofs.

® 2011-2014 Three teams of researchers: Daryl Geller and Domenico
Marinucci; myself; Paolo Baldi and Maurizia Rossi, published a rigorous
mathematical theory of isotropic random cross-sections of homogeneous
vector bundles.
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Time line

1992 George Fitzgerald Smoot Il and his team discovered what they called
the anisotropy of the Cosmic Microwave Background. In other words, they
proved by observations that the coefficients aj” are non-zero.

1996 Two teams of researchers published two different expansions of the
CMB polarisation on the sky sphere, without rigorous mathematical proofs.

2011-2014 Three teams of researchers: Daryl Geller and Domenico
Marinucci; myself; Paolo Baldi and Maurizia Rossi, published a rigorous
mathematical theory of isotropic random cross-sections of homogeneous
vector bundles.

2024 Tianshi Lu [Lu, 2024] published the Karhunen—Loéve expansions of
isotropic and reflexive tangential random vector fields on a sphere.
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A general question

[Lu, 2024] defines a tangential random vector field on a sphere as a family
{J(x): x € S"} such that every random vector J(x) belongs to T,S", the
tangent space to the sphere at the point x.

He calls such a field isotropic (resp., reflexive) if
E[J(gx)] = ElgJ(x)],  E[J(gx)J " (gy)] = ElgJ(x)J " (y)g ]

forany x, y € S", and g € SO(n+ 1) (resp., g € O(n+1)). A little bit
mysterious, isn't it?
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A general question

[Lu, 2024] defines a tangential random vector field on a sphere as a family
{J(x): x € S"} such that every random vector J(x) belongs to T,S", the
tangent space to the sphere at the point x.

He calls such a field isotropic (resp., reflexive) if

E[J(gx)] = E[gJ(x)],  E[J(gx)J (gy)] = E[gJ(x)J " (y)g ]

forany x, y € S", and g € SO(n+ 1) (resp., g € O(n+1)). A little bit
mysterious, isn't it?

He obtains simple Karhunen—Loéve expansions for such random fields using the
embedding S” C R"*! as the centred unit sphere.

Is his theory a part of the general theory mentioned above? If yes, what is a
natural class of objects, for which a generalisation of notion of an isotropic
tangential random vector field can be elaborated and a simple Karhunen—Loéve
expansion can be proved?
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An alternative construction of the tangent bundle to S”

¢ Introduce an equivalence relation in the Cartesian product SO(n + 1) x R":

(g,x) ~ (gh, = x) for all h € SO(n).
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An alternative construction of the tangent bundle to S”

¢ Introduce an equivalence relation in the Cartesian product SO(n + 1) x R":

(g, x) ~ (gh, h=1x) for all h € SO(n).

® The quotient space, SO(n+ 1) x R"/ ~, is a smooth manifold, call it E.

® The sphere is a homogeneous space of the left cosets:

S"=M=G/H={gH: g€ G}, G =S0(n+1),

® Define 7: E — M, (g, x) — gH. The triple (E, 7, M) is exactly the tangent

bundle, whose fibres, 7=%(p), are tangent planes!

H = SO(n).
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An alternative construction of the tangent bundle to S”

¢ Introduce an equivalence relation in the Cartesian product SO(n + 1) x R":

(g, x) ~ (gh, h=1x) for all h € SO(n).

The quotient space, SO(n+ 1) x R"/ ~, is a smooth manifold, call it E.

The sphere is a homogeneous space of the left cosets:

S"=M=G/H={gH: g€ G}, G =S0(n+1),

Define 7: E — M, (g,x) — gH. The triple (E,m, M) is exactly the tangent

bundle, whose fibres, 7=%(p), are tangent planes!

H = SO(n).

For most values of n, E is not isomorphic to S” x R", but is “twisted"”

instead.
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An alternative construction of the tangent bundle to S”

Introduce an equivalence relation in the Cartesian product SO(n + 1) x R":
(g, x) ~ (gh, h=1x) for all h € SO(n).
The quotient space, SO(n+ 1) x R"/ ~, is a smooth manifold, call it E.

The sphere is a homogeneous space of the left cosets:

S"=M=G/H={gH: g€ G}, G =S0(n+1), H=S0(n).

Define 7: E — M, (g,x) — gH. The triple (E,m, M) is exactly the tangent
bundle, whose fibres, 7=%(p), are tangent planes!

For most values of n, E is not isomorphic to S” x R", but is “twisted"”
instead.

The tangential vector fields { X(p): p € M}, both deterministic or random,

are the cross-sections of that bundle. That is, M i> E -3 M is the
identity on M.
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The reason for a mysterious definition, or where my adventures take place

® The group G =SO(n+1) actson G x R" by g1 - (g,p) = (g18,p). This
action respects the equivalence relation: the equivalence classes are not
destroyed. By this reason, the bundle is called homogeneous.
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The reason for a mysterious definition, or where my adventures take place

® The group G =SO(n+1) actson G x R" by g1 - (g,p) = (g18,p). This
action respects the equivalence relation: the equivalence classes are not
destroyed. By this reason, the bundle is called homogeneous.

® Before g € G acted, the initial point p of the vector (g - J)(p) had been
located at g~ 1p.
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The reason for a mysterious definition, or where my adventures take place

® The group G =SO(n+1) actson G x R" by g1 - (g,p) = (g18,p). This
action respects the equivalence relation: the equivalence classes are not
destroyed. By this reason, the bundle is called homogeneous.

® Before g € G acted, the initial point p of the vector (g - J)(p) had been
located at g~ 1p.

e Under the action of g, the vector J(g~1p) becomes g - J(g71p).
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The reason for a mysterious definition, or where my adventures take place

The group G = SO(n+ 1) actson G x R" by g1 - (g,p) = (g14, p). This
action respects the equivalence relation: the equivalence classes are not
destroyed. By this reason, the bundle is called homogeneous.

Before g € G acted, the initial point p of the vector (g - J)(p) had been
located at g~ 1p.

Under the action of g, the vector J(g~1p) becomes g - J(g~1p).

The group G acts on tangential vector fields, both random and
deterministic, by

(g-)p)=g Jg 'p).

Calculate the cross-correlation of both hand sides. You obtain Lu's
definition!

g<€SO(n+1), peS"
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An important link

® We constructed the tangent bundle to S”, using a representation p of H
given by p(h) = h. A homogeneous vector bundle is constructed by
replacing this u by any other finite-dimensional representation, which can be
real, complex, or even quaternionic!
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An important link

® We constructed the tangent bundle to S”, using a representation p of H
given by p(h) = h. A homogeneous vector bundle is constructed by
replacing this u by any other finite-dimensional representation, which can be
real, complex, or even quaternionic!

® Now, you can easily write down the definition of a centred isotropic random
cross-section of a homogeneous vector bundle:

Elg-X(g 'p)®g-X(g 'q)] =E[X(p)® X(q)]. &€G, pgeM.

Replace G with the group G = /(M) of all isometries of M. You obtain the
definition of a reflexive random cross-section.
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An important link

® We constructed the tangent bundle to S”, using a representation p of H
given by p(h) = h. A homogeneous vector bundle is constructed by
replacing this u by any other finite-dimensional representation, which can be
real, complex, or even quaternionic!

® Now, you can easily write down the definition of a centred isotropic random
cross-section of a homogeneous vector bundle:

Elg-X(g 'p)®g-X(g 'q)] =E[X(p)® X(q)]. &€G, pgeM.

Replace G with the group G = /(M) of all isometries of M. You obtain the
definition of a reflexive random cross-section.

e Alink: if { X(p): p € M} is a deterministic square-integrable cross-section,
then the action X(p) — g - X(g~1p) determines what is called the
representation of G induced by . Denote it by Ind&(u).
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The above link helps to prove an important result

* Decompose Ind& (1) into irreducible pieces A; with i € Z. If this list does
not contain duplicates, we say that Ind&(u) is multiplicity free.
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The adventures of

The above link helps to prove an important result e e

homogeneous
vector bundles

* Decompose Ind& (1) into irreducible pieces A; with i € Z. If this list does Nl

not contain duplicates, we say that Ind&(u) is multiplicity free. I]] I)

® Choose an orthonormal basis {€;m(p): 1 < m < dim \;} in each space
Maélardalen
where \; acts. University ‘,

Pre-History

Research
question

Case study

References

1.9



The above link helps to prove an important result

* Decompose Ind& (1) into irreducible pieces \; with i € Z. If this list does
not contain duplicates, we say that Ind&(u) is multiplicity free.

® Choose an orthonormal basis {€;m(p): 1 < m < dim \;} in each space
where \; acts.

® The Karhunen—Loéve expansion of an isotropic random cross-section has the

form
dim \;
X(p)=> c > emp)Xj =0, E[Xi]=0, E[[Xim[’]=1
€T m=1
with

Z dim \;c? < oo.
i€T
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New questions arise

e How to find multiplicity-free induced representations? Answer:
[Pezzini and van Pruijssen, 2023] contains a lot.
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New questions arise

e How to find multiplicity-free induced representations? Answer:
[Pezzini and van Pruijssen, 2023] contains a lot.

® How to compute a basis {ejm(p): 1 < m < dim \;}? Answer: Solved with
big number of examples in
[Malyarenko, 2024, Malyarenko and Ostoja-Starzewski, 2023].
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New questions arise

e How to find multiplicity-free induced representations? Answer:
[Pezzini and van Pruijssen, 2023] contains a lot.

® How to compute a basis {ejm(p): 1 < m < dim \;}? Answer: Solved with
big number of examples in
[Malyarenko, 2024, Malyarenko and Ostoja-Starzewski, 2023].

e All representations of H are equal, but there is one, say p, which is more
equal then others. The homogeneous vector bundle constructed from p is
the tangent one. Do we have a hope that the corresponding induced
representation is multiplicity free? Answer. next slides.
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Strongly isotropy irreducible spaces

If the real isotropy representation p is reducible, we do not have any hope.

Definition
A homogeneous space M = G/H is called isotropy irreducible if p is irreducible.

All isotropy irreducible spaces are known, but there are a lot.
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Strongly isotropy irreducible spaces

If the real isotropy representation p is reducible, we do not have any hope.
Definition

A homogeneous space M = G/H is called isotropy irreducible if p is irreducible.

All isotropy irreducible spaces are known, but there are a lot.
Definition

A homogeneous space M = G/H is called strongly isotropy irreducible if the
restriction of p to the connected component of identity Hp is irreducible.

There are several tens of infinite series and several tens of exceptional irreducible
(that is, not Cartesian products of other ones) compact strongly isotropy
irreducible spaces.
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Symmetric spaces

® In a symmetric space M, for any p € M, there is a symmetry s,: a
non-identical map M — M such that s,(p) = p and sg is the identical map.
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Symmetric spaces

® In a symmetric space M, for any p € M, there is a symmetry s,: a
non-identical map M — M such that s,(p) = p and 53 is the identical map.

® A sphere is a symmetric space, where s, is just a rotation by 7 around the
axis that passes through p.
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Symmetric spaces

® In a symmetric space M, for any p € M, there is a symmetry s,: a
non-identical map M — M such that s,(p) = p and 53 is the identical map.

® A sphere is a symmetric space, where s, is just a rotation by 7 around the
axis that passes through p.

® Any symmetric space is strongly isotropy irreducible.
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Symmetric spaces

® In a symmetric space M, for any p € M, there is a symmetry s,: a
non-identical map M — M such that s,(p) = p and 53 is the identical map.

® A sphere is a symmetric space, where s, is just a rotation by 7 around the
axis that passes through p.

® Any symmetric space is strongly isotropy irreducible.

® To make calculations on a manifold, you need to use local charts and
transition functions. On a symmetric space M, [Cacciatori et al, 2017]
constructed a special chart which they called the Euler coordinates. It covers
an open dense subset of M. With some precaution, you may work in this
chart as if it is a region in Euclidean space!
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An example of Elie Cartan

® Let M be the GraBmannian of oriented 4-planes in R®. Exactly 100 years
ago, Elie Cartan proved that /(M) contains 24 connected components!
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An example of Elie Cartan

® Let M be the GraBmannian of oriented 4-planes in R®. Exactly 100 years
ago, Elie Cartan proved that /(M) contains 24 connected components!

® For this nice symmetric space, we have Gy = SO(8)/Za,
Ho = SO(4) X SO(4)/ZQ
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An example of Elie Cartan

® Let M be the GraBmannian of oriented 4-planes in R®. Exactly 100 years
ago, Elie Cartan proved that /(M) contains 24 connected components!

® For this nice symmetric space, we have Gy = SO(8)/Z,,
Ho = SO(4) X 80(4)/22

® Let [0] be the trivial representation of Hp which maps all its elements to 1.
The induced representation Indf,g([O]) is multiplicity free.
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An example of Elie Cartan

Let M be the GraBmannian of oriented 4-planes in R8. Exactly 100 years
ago, Elie Cartan proved that /(M) contains 24 connected components!

For this nice symmetric space, we have Gy = SO(8)/Z,

HO = SO(4) X SO(4)/ZQ

Let [0] be the trivial representation of Hy which maps all its elements to 1.
The induced representation Indf,g([O]) is multiplicity free.

A good news. The corresponding homogeneous vector bundle is trivial, that

is, E= M x R!. You can forget about bundles and cross-sections and
consider just an isotropic random field on M. It has the form

00 dim Ae1g25344
X(0,0)= > cunet, Y, Xonstem LAV CRO
£1,€2,03,£4=0 m=1

Under which conditions, this field is reflexive?
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Some explanations

® The representation Ay, s,s5¢, l0oks at the Dynkin diagram as follows:
23
Alytotst, = 200 20, (1)
2,

e A graduate student Eugene Dynkin invented this method in 1944 while he
has been preparing a talk at the seminar by Israel Gel'fand!
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Some explanations

® The representation Ay, s,s5¢, l0oks at the Dynkin diagram as follows:
23
Alytotst, = 200 20, (1)
2,

e A graduate student Eugene Dynkin invented this method in 1944 while he
has been preparing a talk at the seminar by Israel Gel'fand!

® The group H is an extension of Hy by the 24-elements group S4 of
permutations of 4 objects. See [Ceccherini-Silberstein et al, 2022].

1—)54—>H:H0>454—>H0—>1.

® To solve the puzzle, we will draw a commutative diagram.
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A commutative diagram

Ind, ([0])

o G .
@51,42,43,44:0 Abrtyt30, Indpy @,uelrr(s‘;) dim p[0]#

Co Ind}?
|r|dH0 %

[0]
Figure: The structure of the induced representation Indf,u([O]).

The Inducing-in-Stage Theorem guarantees that the diagram commutes.
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The lower-right arrow

The group S4 does not move [0] and has 5 irreducible representations: two
1-dimensional A; and Ay; one 2-dimensional E; and two 3-dimensional T; and
T,. The 24-dimensional representation Indﬂo([O]) has the following structure.

Indf, ([0]) = [0]* & [0]"* @ 2[0]F & 3[0]"* & 3[0] 2.

In fact, this is just the celebrated Peter—Weyl Theorem.
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The lower-right arrow

The group S4 does not move [0] and has 5 irreducible representations: two
1-dimensional A; and Ay; one 2-dimensional E; and two 3-dimensional T; and
T,. The 24-dimensional representation Indﬂo([O]) has the following structure.

Indf, ([0]) = [0]* & [0]"* @ 2[0]F & 3[0]"* & 3[0] 2.
In fact, this is just the celebrated Peter—Weyl Theorem.

There are 2 reflexive random fields and 3 reflexive random cross-sections (which |
promised to not consider).
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The lower-right arrow

The group S4 does not move [0] and has 5 irreducible representations: two
1-dimensional A; and Aj; one 2-dimensional E; and two 3-dimensional T; and
T,. The 24-dimensional representation Indﬂo([O]) has the following structure.

Indf, ([0]) = [0]* & [0]"* @ 2[0]F & 3[0]"* & 3[0] 2.
In fact, this is just the celebrated Peter—Weyl Theorem.

There are 2 reflexive random fields and 3 reflexive random cross-sections (which |
promised to not consider).

The representations [0]* and [0]2 are extensions of [0], the others are not.
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The upper-right arrow

The induced representation Ind <@u€|rr(54) dim M[O]”) has 10 components.

Indf | @D dimp[0]* | = Ind§([0]*) @ IndE([0]*2) @ ...
weElrr(Sa)

The first two ones:
e correspond to the reflexive random fields;
® act in the same Hilbert space L?(M) where Indf,g([O]) acts;

® but partition this space into bigger irreducible components.
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The upper-left arrow

® The group S4 acts on the Dynkin diagram (1) by leaving the central node
fixed and permuting the other three branches.
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The upper-left arrow

® The group S4 acts on the Dynkin diagram (1) by leaving the central node
fixed and permuting the other three branches.

2
® In the fully symmetric case 2¢ %éb , the orbit of the representation A,z
20

under the action of Sy is a singleton. As before, we obtain

G
Ind &, (Aeeyee) = )‘eezee & Af[zf( D 25,0 D 3>‘ee w® 3)‘44 o

2
® In the partially symmetric case, say, 2¢ 0-{%52 , the subgroup which does not
2y

move Ay, ee,, is equal to the dihedral group Dy, which has 5 irreducible
representations. First, we induce from Gy to the extension Gy X Djy:

GoxDa B E
Ind @™ (Aetyee,) = A£Z2€Z4 & )‘eezm ® }‘ZZZM‘; ® Af[2£€4 ® 2X 50500, -
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The upper-left arrow (cont.)

® The quotient group for the remaining step is Sa/Ds = Z3. Because the
stabiliser is already exhausted, the only valid representation for the second
index is the trivial one of Z3, that is, A:

G  VAIA AsA BiA BA EA
Ind &, (Aeeaea) = Noion, © Moo, D Ntyee, D Navn, D 2Ail00,»

o 23 2%
and similarly for the cases of 2¢ 0—{%52 and 24 o{%@ .

20 20
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The upper-left arrow (cont.)

® The quotient group for the remaining step is Sa/Ds = Z3. Because the
stabiliser is already exhausted, the only valid representation for the second
index is the trivial one of Z3, that is, A:

AxA B1A B>A

G
Ind ¢, (Aeeees) = Aeezm B Novyre, © Novgoe, © Notgoe, @ 2)‘15622@4’

o 23 2%
and similarly for the cases of 2¢ 0—{%52 and 24 o—{%b .
2 2

2/
In the fully asymmetric case 2 %{2423 L with €4 # 03 # €4 # 01, the
204

subgroup which does not move Ay, ,050,, is equal to the Klein four-group
Zo X Z», which has 4 irreducible representations. First, we induce from Gy
to the extension Gy x (Z x Z3):

Ind 2 (“2x72)(

Abytat3ty) = AZ1£2€3€4 ® )‘zlzze3z4 & Aaum ® )‘zleze3e4
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The upper-left arrow (cont.)

The quotient group for the remaining step is S4/Z» x Zy = S3. When we induce
the 4 extensions up to G:

® The trivial extension }\21@@364 is invariant under S3, so it induces to a unique

block X

A1A1
(1020304 "
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The upper-left arrow (cont.)

The quotient group for the remaining step is S4/Z» x Zy = S3. When we induce
the 4 extensions up to G:
® The trivial extension }\21426364 is invariant under S3, so it induces to a unique
A1A1
block Ay 5.0,
® The 3 remaining non-trivial extensions are permuted as a single orbit by Ss.

They fuse together into a single global representation. Its second index

corresponds to the 2-dimensional representation E of Ss: }‘21456364'

Which representations from this zoo go to Ind%([0]**) and Ind&([0]*2)?
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The irreducible components of Ind§([0]*1)

The celebrated Frobenius Reciprocity says:
The multiplicity of any X in Indf,([O]A") is equal to the multiplicity of
[0]4 in the restriction of A down to H.
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The irreducible components of Ind§([0]*1)

The celebrated Frobenius Reciprocity says:
The multiplicity of any X in Indf,([O]A") is equal to the multiplicity of
[0]4 in the restriction of A down to H.

Upon restriction to H, the representation [0]4 participates with multiplicity 1 in

° ’\?élﬂé' A singleton, does not glue anything.
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The irreducible components of Ind§([0]*1)

The celebrated Frobenius Reciprocity says:
The multiplicity of any X in Indf,([O]A") is equal to the multiplicity of
[0]4 in the restriction of A down to H.

Upon restriction to H, the representation [0]4 participates with multiplicity 1 in

° )\?;2”. A singleton, does not glue anything.

° )\?612?&, /\?41;23@, /\Zleéu. A 3-element orbit, glues the participants together,

forces the conditions

Cobally = Cllalal = Clalalls Cllrlzl = Cllatls = Clzlally Clilatl = Cllat10 = Clix0e -

o M4 and AB1E  belong to a 6-elements orbit and force the condition
01020304 01020304

Cl1020364 = Clilrlals = Cl3lpl1ly = Cl3lplaly = Clalpl103 = Clalol30-
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The irreducible components of Ind§([0]2)

Upon restriction to H, the representation [0]2 participates with multiplicity 1 in

A2

[72Y%

A

BiA

0020y

A

B1A
0l l30"

A

BiA
0102007

A

B, E
K1€2€3E4 !

but not in A

A1A1
(1020304 "
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The irreducible components of Ind§([0]2)

Upon restriction to H, the representation [0]2 participates with multiplicity 1 in
ABIA  \BIA \BIA y\BiE A1 A

)‘eezw Cinllsr Mbatstr Myipttr Nptatztyr PUL NOL N ALET

Because E is the 2-dimensional representation of S3, it cannot capture all 6
elements of the orbit by itself, but separates the even permutations from the odd
ones:

Cl18r030s = Cl3bplaly = Clalrl1l35 Cl18r0403 = Clabrlzly = Clzlplily-
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The irreducible components of Ind§([0]2)

Upon restriction to H, the representation [0]2 participates with multiplicity 1 in
ABIA  \BIA \BIA y\BiE A1 A

)‘eezw Cinllsr Mbatstr Myipttr Nptatztyr PUL NOL N ALET

Because E is the 2-dimensional representation of S3, it cannot capture all 6
elements of the orbit by itself, but separates the even permutations from the odd
ones:

Cl18r030s = Cl3bplaly = Clalrl1l35 Cl18r0403 = Clabrlzly = Clzlplily-

Any [0]4-reflexive random field is [0]A2-reflexive. Any [0]42-reflexive random field
isotropic. The converse is wrong.
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