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Introduction

We introduce a new stochastic volatility model based on the so-called
sandwiched processes that go far beyond Markovianity (which allows
to grasp the memory phenomenon on the market) and are bounded
between two given continuous functions (which improves modelling
capability as well as solves numerous purely technical issues).

Model description

We consider a financial market with a numéraire e
∫ t

0 ν(s)ds, t ∈ [0, T ],
where ν ∈ C([0, T ]), and d risky assets that are given by

{
dSi(t) = µi(t)Si(t)ds + Yi(t)Si(t)dBS

i (t),
dYi(t) = bi(t, Yi(t))dt + dZi(t),

t ∈ [0, T ], i = 1, ..., d,

where

� µi ∈ C([0, T ]);
� BS := (BS

1 , ..., B
S
d ) are correlated Brownian motions;

� Zi(t) :=
∫ t

0 Ki(t, s)dB
Y
i (s) are arbitrary Hölder continuous

Gaussian Volterra processes with BY := (BY
1 , ..., B

Y
d ) being a

vector of Brownian motions (that are correlated both with each
other and the elements of BS);

� bi are the functions that satisfy some regularity assumptions and
have the following property:

bi(t, y) ∼ (y − ϕi(t))−γi, y → ϕi(t)+,
bi(t, y) ∼ −(ψ(t)− y)−γi, y → ψi(t)−,

where γi > 0, ϕi and ψi are Hölder continuous functions such
that 0 < ϕi(t) < ψi(t), t ∈ [0, T ].

Theorem 1. The market described above is arbitrage-free and in-
complete.

Main advantages of the model

� Flexibility in the choice of the noise allows to cover both rough
volatility and long memory cases: Zi can be e.g. fractional
Brownian motions with any Hurst indices Hi ∈ (0, 1),
multifractional Brownian motions, linear combinations of those
etc.

� The properties of the drifts bi ensure the sandwiched property of
the volatilities Yi, i = 1, ..., d:

0 < ϕi(t) < Yi(t) < ψi(t) a.s., t ∈ [0, T ], (1)
which, on the one hand, gives more modelling flexibility (one can
choose proper ϕi, ψi to make the model fit data better) and, on
the other hand, is very convenient from the technical point of
view since the volatility processes are bounded. For example, this
property ensures ESri (t) <∞ for all r ∈ R, while boundedness
away from zero simplifies the analysis of pricing measures.

� For all r > 0, values of E supt∈[0,T ](Yi(t)− ϕi(t))−r and
E supt∈[0,T ](ψi(t)− Yi(t))−r are both finite which is crucial to
control explosions of bi near bounds e.g. in analysis of numerical
schemes for Yi.

Backward Euler scheme for the volatility

Despite seemingly complicated unbounded drifts bi, i = 1, ..., d, there
exists a numerical scheme for stochastic processes Yi, i = 1, ..., d, that
is

� easily implementable,
� preserves the sandwiched property (1).

Let {0 = t0 < t1 < ... < tN = T} be a uniform partition of [0, T ],
tk := Tk

N , k = 0, 1, ..., N , ∆N := T
N . Define Ŷi(t), i = 1, ..., d, as

follows:
Ŷi(0) = Yi(0),

Ŷi(tk+1) = Ŷi(tk) + bi(tk+1, Ŷi(tk+1))∆N + (Zi(tk+1)− Zi(tk)),
(2)

where the expression above is considered as an equation with respect
to Ŷi(tk+1) that has to be solved on each step. For all other t outside
partition, Ŷi(t) can be defined via linear interpolation.

Proposition. The process Ŷi given by (2) is well defined and pre-
serves the sandwiched property (1) in the following sense:

ϕi(tk) < Ŷi(tk) < ψi(tk), k = 0, 1, ..., N, i = 1, ..., d.

Theorem 2. Let λi be the order of Hölder continuity of Zi. For any
r ≥ 1 there exists a constant C that does not depend on the partition
such that

E

[
sup
t∈[0,T ]

|Yi(t)− Ŷi(t)|r
]
≤ C∆λir

N .

Simulations

On figures below, the noise Z is a fractional Brownian motion with
H = 0.3.

(a): b(t, y) = 1
2(y−cos(t))2 − 1

2(sin(t)+3−y)2 (b): b(t, y) = 1
2(y−cos(t))3 − 1

2(cos(t)+2−y)3

(c): b(t, y) = 1
2(y+e−t)2 − 1

2(e−t−y)2
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