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Introduction

Survival Analysis

Survival Analysis (SA) is a comprehensive set of statistical methods for ana-
lysis of data representing life times (times to the occurrence of some specified

event), the time being measured from some well-defined time origin until the
event of interest.

Examples:
@ biological sciences: time from start of a clinical trial to death
@ engineering: time from instalment of a device to failure

@ insurance: time from the beginning of contract to occurrence of claim
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Introduction

Let a nonnegative r.v. T be the time to the event (survival time, lifetime).
Aim: draw inference about the distribution of T.
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Introduction

Let a nonnegative r.v. T be the time to the event (survival time, lifetime).

Aim: draw inference about the distribution of T.

Distribution of T is characterized by
e survival function Gr(t) =P(T >t)=1- Fr(t), t >0,

or equivalently,

@ by intensity function (the so-called hazard)

. CP(T<t+h|T>t) d
A(t) = lim - = = n(Gr(1)).
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Model description

@ Cox, D.R. (1972), J. R. Stat. Soc., Ser. B 34, 187-220.
In the CPH model a lifetime T has the following intensity function
AMt|X; N, B) = Mt)exp(BTX), t>0, where

the covariate X is a random vector distributed in R,
Be€OgC R¥ is the regression parameter,
and the baseline hazard function A(-) € ©, is continuous.
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Model description

@ Cox, D.R. (1972), J. R. Stat. Soc., Ser. B 34, 187-220.
In the CPH model a lifetime T has the following intensity function
AMt|X; N, B) = Mt)exp(BTX), t>0, where

the covariate X is a random vector distributed in R,
Be€OgC R¥ is the regression parameter,
and the baseline hazard function A(-) € ©, is continuous.

The conditional pdf of T given X is

Fr(¢1X A, B) = A(EIX A, B) exp <— /t)\(t\X; A,ﬁ)ds) -
0
= MNt|X; A, B)GT(t|X; A, B).
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Model description

Let a r.v. C distributed on [0, 7] denote the censoring time. C is independent
of T. The exact event time T may not be available, instead we observe the

right-censored lifetime
Y =min{T, C}

and the indicator of non-censoring
A=lr<c.
Survival function G¢ is unknown, while we know 7.

Therefore, the baseline hazard function is estimated only on [0, 7] and we
assume A\(-) € ©, C C[0, 7].
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Model description

In practice, some covariates could be measured with error.

We use the classical measurement error model, i.e.
W, = X + U;
is observed.

First, we assume that measurement errors U; are i.i.d. and moment genera-
. . T .
ting function My(z) = Ee? Y is known.

The couple (T;, X;), censor C, and U; are independent. We collect observati-
ons (Y, A;, W;),i=1,...,n.

A. Kukush, O. Chernova CPH model with heteroscedastic ME 02/06/21 7/20



Model description

In practice, some covariates could be measured with error.

We use the classical measurement error model, i.e.
W, = X + U;
is observed.

First, we assume that measurement errors U; are i.i.d. and moment genera-
. . T .
ting function My(z) = Ee? Y is known.

The couple (T;, X;), censor C, and U; are independent. We collect observati-
ons (Y, A;, W;),i=1,...,n.

All the results are valid for the model without measurement errors!

In that case we set U; =0, My, = 1.
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Model description

Consider independent copies (X;, T;, C;, Yi, Aj, Ui, W;), i =1, ..., n.

Aim: Based on triples (Y;, A;, W), i =1, ..., n, estimate true parameters (3,
A(t), t € [0, 7] over a parameter set © = ©) x Og.
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Joint pdf of (Y,A) | X on X =(0,7] x {0,1} w.rt. p = A1 X 01 + pc X do
is as follows

fy,81X; A, B) = F(y|X; X, B)GT 2 (yIX; X, B)GE(y), (v,6) € X.
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Joint pdf of (Y,A) | X on X =(0,7] x {0,1} w.rt. p = A1 X 01 + pc X do
is as follows

fy,81X; A, B) = F(y|X; X, B)GT 2 (yIX; X, B)GE(y), (v,6) € X.

An elementary objective function q is derived from Inf(Y, A | X),

g(Y, A, X0 B)=A-(InX(Y) + BTX) — &% /YA(u)du.
0
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Joint pdf of (Y,A) | X on X =(0,7] x {0,1} w.rt. p = A1 X 01 + pc X do
is as follows

fy,81X; A, B) = F(y|X; X, B)GT 2 (yIX; X, B)GE(y), (v,6) € X.

An elementary objective function q is derived from Inf(Y, A | X),

Y
q(Y, A, X;\B8)=A-(InXY)+37X) - eBTX/ Av)du.
0

In the presence of measurement errors, due to Augustin (2004),

E[qcor(Y7A7 W: )Hﬁ)‘Y7A,X] = q(Y,A,X; )\75).

qcor(Y’A’W;A’ﬂ)::A.(|n)\(y)+ﬁT W) — exp[)’TW/ Au

Q" (N, B) : Zq“” Yi, 8j, Xi A, ).
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In vast amount of literature, e.g., in Cox (1972) or Augustin (2004), the
baseline hazard function is assumed belonging to a parametric set of piece-
wise constant functions, while in Kukush et al. (2011) and Chimisov &
Kukush (2014)

Or={f:[0,7] = R| f(t) > a,f(0) < A, |f(t)—f(s)| < L|t—s|, t,s € [0, 7]}
The consistency and asymptotic normality of a simultaneous estimator

(3\,,,3,,): argmax Q" (A, B)
(A, 5)€@)\><@@

were studied.

We consider an unbounded parameter set of Lipschitz functions

Oy = {f:[0,7] = R | £(t) > 0,|f(t) — £(s)| < L|t — 5|, t,s € [0, 7]}.
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Assumptions

Q O,={f:[0,7] = R | f(t) >0, |f(t)—f(s)| < L|t—s|,Vt,s € [0,7]},
where L is a fixed positive constant.

@ 05 C RKis a compact set.
© E U = 0 and for some constant € > 0,

EeZDHUH < oo and Ee2DHX|| < 00, where D := 6ma@x Hﬁ” + €.
€98

@ 7 is the right endpoint of the distribution of C.
@ Matrix E[XX ] is positive definite.
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Additionally:
@ True 3 is an interior point of ©3.
@ True A belongs to ©f for some € > 0, where

S ={f:[0,7] =R | f(t) >e¢ Vte]|0,r],
|f(t) — f(s)| < (L—e)|t—s|,Vt,se[0,7] }.

Q@ P(C>0)=1.
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Estimation

Definition

Fix a sequence {en} of positive numbers, with €, | 0, as n — co. Any Borel function
(An, Bn) of observations (Yi, Aj, W;), i = 1,...,n, with values in © := © x O3 and such
that

Qs (AnyBn) > sup Q" (N, B) —en,
(X,B)€©

is called the estimator of (), 8).
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Estimation

Definition

Fix a sequence {en} of positive numbers, with €, | 0, as n — co. Any Borel function
(5\,,,,3,,) of observations (Y, Ai, W;), i =1, ..., n, with values in © := © x ©g and such
that
Qﬁor(j‘nv Bn) Z sup Qﬁor()‘v ﬂ) —€&n,
(A,B)€0

is called the estimator of (), 8).

Theorem (Kukush & Chernova, 2018)

Under conditions (i) to (v), (An, B.) is a strongly consistent estimator of the true
parameters (X, 3), that is

max |3a(t) = A(t)] =0 and B, — Bas asn — .
tel0, 7
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Asymptotic properties

Theorem (Kukush & Chernova, 2018)

Assume conditions (i) — (viii). Then
Vi(Ba — 8) % Ne(0.%).
Moreover, for any Lipschitz function f on [0, 7],

ﬁ/OT(?\n ~ ) W)F(u)du b N0, 53(F)),

with a nonsingular matrix ¥ and a function o*(f) which is positive if f is not identical
zero.

There exist explicit formulae for matrices and functions from the latter
Theorem.
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Asymptotic properties

The following statistical procedures were developed:

@ construction of asymptotic confidence ellipsoid for the regression para-
meter and of asymptotic confidence interval for an integral functional
of the baseline hazard function,

@ hypothesis testing for the regression parameter and for an integral functi-
onal of the baseline hazard function,

@ goodness-of-fit test for the model.

A. Kukush, O. Chernova CPH model with heteroscedastic ME 02/06/21 15/20



Heteroscedastic ME

Heteroscedastic measurement errors

Now, consider non-i.i.d. measurement errors. Let

W; = X; + U;

be observed, where measurement errors U; are independent but not necessari-
ly identically distributed, while distributions of U; are known.

The couple (T;, X;), censor C, and U; are independent. We collect observati-
ons (Yi,A;, W;),i=1,...,n.
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Heteroscedastic ME

Assumptions
Q Oy ={f:[0,7] >R |f(t) >c,Vte]0,7], f(0) <A, and |f(t) —
f(s)| < L|t —s|,Vt,s € [0,7] }, where L > 0 is a fixed constant.
@ O C RF is a compact set.

@ Forall i > 1, E U; = 0 and for some positive constants K and e,
E &PVl < K. with D := max ||3]| +e.
ﬁe@g
Q E e2PIXIl < o, with D defined in assumption 3.

@ 7 is the right endpoint of censor's distribution.
@ Matrix E XX is positive definite.
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Definition

Any Borel function (3\,,,3,,) of observations (Yi, Aj, W;), i = 1,..., n, with
values in © := ©) x ©g and such that

(3\,,,3,,): argmax  Q5(A, B).
()\,,B)GGAX@B

is called the estimator of (X, 3), where QS°" is the objective function
corrected for heteroscedastic measurement errors.

Theorem

Under conditions (1) to (6), (An,f.) is a strongly consistent estimator of
the true parameters (A, 3), that is

m[gx] An(t) = A(t)| =0 and B, — B as asn — .
te|0,7
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