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The telegraph process

The symmetric telegraph process 7 = {7 (t),t > 0} has the form

7= [ VOO ds W

where N = {N(t),t > 0} is a homogeneous Poisson process with
rate A > 0 and V(0) is a two valued symmetric random variable
taking values +¢, ¢ > 0, independent of N.

We interpret the telegraph process as the position if a particle
moving on the line with velocity ¢ and with Poisson paced reversals
of motion.
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Sample paths
A typical sample path of T is

T(s)

where V(0,w) = —c and N(t,w) =7. Tj(w) =t;, j > 1 are the
instants where the changes of direction take place on the path w.
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Conditional probability densities (1/2)
For the telegraph process are known all the following, |z| < ¢t,
P{T(t) edz|N(t) =2k+1,V(0) =c} =
=P{T(t) edz|N(t) =2k +1,V(0) = —c}
(2k 4+ 1) (212 — 22)*

SR a9 F20

P{T(t) e dz|N(t) =2k, V(0) =c} =
(ct -

2R (dt )t
B S

P{T(t) € dz| N(t) = 2k,V(0) = —c} =
(2k)! @#H@“V“—fﬁd% k> 1.

~ (k- 1)K (2ct)2k
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Conditional probability densities (2/2)

P{T(t) edz|N(t) =2k+1} =
=P{T(t) edz|N(t) =2k + 2}
(2k + 1)! (c*t? — 22)*

=R ape M F20

All these distributions can be obtained by means of order statistics
and considering the exchangeability of the random displacements
between Poisson events.
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Unconditional probability distribution

The unconditional distribution of 7(¢), ¢t > 0, has support in
[—ct, ct] with an absolutely continuous component

P{T(t) € dz|V(0) = ¢}
-t

e MWW) . %OCW)] a,

c ot c

where Io(z) = >_72, 22%/(22*k!?) is the modified Bessel function.
The singular part of the distribution of 7(¢) is concentrated at the
endpoints +ct and has probability

—At

P{T(t) = ct} = P{T(t) = —ct} = ——.
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Characteristic function

The characteristic function of 7(¢), ¢t > 0 reads

EeT (1)
_ e M (1 n A )et\/m
2 A2 — (242
n (1 B A )6_t\/m
A2 — (242 ’
with |y < A/e.
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Maximum of the telegraph process: V(0) = ¢

If V(0) =¢, N(t) =2k + 1 with k£ > 0, the current position of the
moving particle is

T(t) =cl — C(TQ — Tl) + ...+ C(T2k+1 — Tgk) — C(t — T2k+1) (2)

which consists of k£ + 1 upward displacements and k£ + 1 downward
displacements (equivalently rightwards or backwards).

The maximum of 7 can be attained by its truncated displacements,
truncation being performed at odd-order Poisson times

T2j41, j = 0.
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Maximum of the telegraph process: V' (0) = ¢
The displacements involved are
T(T2j+1) =l — C(T2 — Tl) —+ ...+ C(T2j+1 — ng)

for 0 < j <k, with j + 1 rightward displacements and j leftward

ones.
Examples of truncated displacements with positive initial velocities

are the following

T(s) T(s)

Tg/

0 T s 0 . N Ty s
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Maximum of the telegraph process: V' (0) = ¢

We evaluate the following probability, for 0 < 8 < ¢t and k > 0

P{Org?%(t T(s)eds | N(t)=2k+1,V(0) =c}

= P{_o{T(Toj11) €dB} | N(t) =2k +1,V(0) =c} (3)
Our first resultis0 < S < ctand k >0
P{ Joax, T(s)edp | V(0)=¢,N(t) =2k + 1} (4)

(2k + 1)1 (X2 — )k
R aprt

= 2P{T(t) € dB | V(0) = ¢, N(t) = 2k + 1}

=2

Cinque and Orsingher Sapienza, University of Rome June 4, 2021 11 / 38



Maximum of the telegraph process
0000000000000 0000

Maximum of the telegraph process: V(0) = ¢

The idea behind result (4) emerges from the calculation of (3) for
small values of k& which shows a regularity in the structure of the
distribution. On this basis, by an inductive procedure it is possible
to obtain (4) for all numbers of changes of direction and to
establish a reflection principle connecting the distribution of the
maximum in the interval [0, ] with the current position at time ¢.
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Maximum of the telegraph process: V(0) = ¢

In order to obtain result (4) we must consider the following three
cases.

(i) At time T3, 11 < 3, but at time T3 the position reached by
the particle ¢TI — ¢(To — T1) permits us to overcome f3 in the
residual time interval (75, ].

(i) At time T} we reach level 8 and move leftward so little that in
(T, t] we can overcome [3 again.

(i) At time T} the moving particle reaches the level 5 and then in
(T, T3] goes leftward so much that in the remaining time
interval will not be able to move over 5 again.
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Maximum of the telegraph process: V' (0) = ¢

A similar reasoning permits us to obtain, for 0 < S < ct and k > 0
P{ ()11<1a§t7(8) €dp | V(0) =¢, N(t) =2k + 2} (5)
= P{On<1a§t T(s)eds | V(0)=¢,N(t) =2k +1}

(2k 4+ 1)! (212 — p2)F

=2 12 (2ct)2F+1

dg.
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Maximum of the telegraph process: V' (0) = ¢

The combination of results (4) and (5) permits us to obtain three
new formulas for the distribution of the maximum where the initial

velocity is positive. For 0 < 8 < ct

P{Orggict T(s) € dB, N(t) even| V(0) = ¢} (6)
e MMt A e Mo A
= A0 SV =) = g (SVEP - ) a6,
and
P{OIE??,;T(S) € dB,N(t) odd| V(0) = ¢} (7)
= Aec_)\tfo (%M) dgs.
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Maximum of the telegraph process: V' (0) = ¢

Finally 0 < 8 < ¢t

P{max T(s) € df | V(0) = c} (8)

At

- ff2ER) i)
— 2P{T(t) € 4B}
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Maximum of the telegraph process: V(0) = ¢

Result (8) shows that if V(0) = ¢, the distribution of the maximum
is obtained by folding the telegraph process because a form of
reflection principle holds.

Clearly at 8 = ct, the distribution of the maximum has a singularity
of probability e=** because if N(t) = 0, the particle reaches x = ct
since no reversals of the motion occurs.

It must be pointed out that in the last relationship of (8) the
conditional event V' (0) = ¢ exerts no influence on the absolutely
continuous component (but only on the singular part).
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Maximum of the telegraph process: V(0) = —c

The main difference of the maximum distribution for the case
where V(0) = —c with respect to V' (0) = c is that the maximum
can be zero with positive probability.

Apparently this makes the situation more complicated than in the
previous case, but, profiting of the results obtained above, the
analysis is simplyfied and two possible situation can occur.

(i) The particle has moved initially leftward so little that during
the remaining time interval (77,¢] it can overpass the level j3,
that is § — (—cT1) < c(t — T1).

(i) The particle has initially performed a leftward oriented
displacement that it will not be able to overcome the level 3.
In this case the maximum will be zero.
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Maximum of the telegraph process: V(0) = —c

The results obtained are summarized here. For £k > 1 and
0<fB<ct

P{ Org?%(tT(s) edf | V(0) = —¢, N(t) = 2k}

_ 202K (@R - e - p)
Ckl(k—1)! (2ct)2k 8
= 2P{T(t) € dB | V(0) = —¢, N(t) = 2k}

and

P{gua, T(s) = 0 V(0) = —¢, N (1) = 2k} = (if) L

We note that the singularity (10) decreases as ——

Vrk'

Cinque and Orsingher Sapienza, University of Rome June 4, 2021

b2

(10)

19 / 38



Telegraph process Maximum of the telegraph process Cumulative distributions Moments

000000 00000000000 e00000 00000 00000000

Maximum of the telegraph process: V(0) = —c

The situation changes again if V' (0) = —c and the number of
Poisson events is odd. Also in this case the maximum can be zero
with positive probability. We have therefore, for 0 < 8 < ct and
k>0

P{max T(s) € 45 | V(0) = —¢, N(t) = 2k +1}/ 5

(2k+ 1)1 (2 =B (et —B)  (2k+ 1)! (22 — p2)*

S (k—=DIE+1)! (2ct)2k Kl(k+1)! (2ct)2k+1
(11)

and

P{gmax T(s) = 0| V(0) = —e, N(t) = 2k+1} = (%; 1) 22%
(12)
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Maximum of the telegraph process: V(0) = —c

Formulas (10) and (12) show that the probabilities of the
singularity, 5 = 0, do not depend on time ¢ and the velocity ¢, but
only on the number of Poisson events. Furthermore, these
probabilities display a sort of periodicity in the sense that

P{ (}IglgéitT(S) =0]|V(0)=—¢,N(t) =2k+1}
= P{Onélggt T(s)=0]V(0) =—c,N(t) =2k + 2}

and
P{ Jnax, T(s)=0]V(0) =—c,N(t) =2k}

> P{()H<1?§75T(S) =0]|V(0)=—¢,N(t) =2k +1}.
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Maximum of the telegraph process: V(0) = —c

The above presented maximal distributions are interlaced by the
following sursprising relationship

P{ Jnax T(S) €dpf | V(0) = —¢,N(t) =2k + 1} (13)
2k+1
~ %12 {max T(s) €dB | V(0) = —¢,N(t) = 2k}
+2k+2 {0<a<tT( s) €dB | V(0) =¢,N(t) =2k + 1}

Thus, probability (11) is a weighted sum of two conditional maximal
distributions, the last one involving the initially right-oriented
motion. This second part becomes negligible as k increases.
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Maximum of the telegraph process: V(0) = —c

It is now relatively easy to obtain the maximal distributions under
the condition that V(0) = —c. The simplest one is, 0 < 8 < ct

P{ ()Ig?%(tT(s) € dB, N(t) even| V(0) = —c} (14)

. et —P) A
— e Mmh (E\/02t2 — 52) a8

_ e”(l é)atfo( VAR ) dp.

c t
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Maximum of the telegraph process: V(0) = —c

Much more work requires the derivation of
P{ Jnax T(s) € dB, N(t) odd| V(0) = —c} (15)

e—At

ct+5

it (2 V@R =) - [ ’Bll(A\/M)]dﬁ—

ct+ 3

ct+6 P{max T (s) € d3, N(t) odd| V(0) = c}

w {rnax T(s) € dB, N(t) even| V(0) = —c}.

The last formula is a consequence of (13) and connects
distributions with positive and negative initial velocities, with even
and odd number of velocity reversals.
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Maximum of the telegraph process: V(0) = —c

From (14) and (15) we arrive at

P{ max T(s) € df | V(0) = —c} (16)
_ N ct):f BIO<E 22 _ 52)
ct—pB A 1 A

- Ve o

The singularity at 5 = 0 as the fine form

P{max T(s) =0 V(0) = ~c} =™ [Io ()\t) +h (At)] .
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Cumulative distribution function

So far we derived and discussed the probability density functions of
the maximum under different conditions. The initial velocity is
extremely important and makes the distribution quite different if
V(0) = ¢ > 0 (relatively more simple) and V(0) = —¢ (much more
complicated). In some cases the cumulative distributions take a
handsome form as the next result shows.
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Cumulative distribution function: V(0) = ¢

ForO< B <ctand k>0
P{ OH<1?§tT(S) <B|V(0)=r¢c N(t) =2k+2} (18)
:P{max T(s)<B|V(0)=¢,N(t) =2k+1}

Z(%)(\/m)

2ct

Formula (18) immediately shows that for 3 = 0 we have zero and
for 8 = ct we get one.

Special cases, for N(t) = 1, 3,5 were obtained in Orsingher (1990),
inspiring the general form of the densities (5) and indirectly of the
cumulative distribution (18).
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Cumulative distribution function: V(0) = —c¢

For V(0) = —c, we have

P{ongl?%{t T(s) <p|V(0)=—c, N(t) =2k}

B A2 —pB2\i 1 (2j (22 — B2 (2K
_ctjzo( 212 )22j<j>+ (2¢t)2k <k> (19)

with 0 < 8 < ¢t and k£ > 1. The main difference between (18) and
(19) is due to the singularity at 8 = 0, which is the reason of the
additional term in (20).

Also in this case for small values of k£ (k = 2, 3) the distributions of
the maximum with negative initial velocity were obtained in
Orsingher (1990), but in this case no idea for general case appeared.
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Cumulative distribution function: V(0) =

Finally

P{Orggéct T(s)<pB|V(0)=—¢,N(t)=2k+ 1}

Byt —pENI 1 (2]
_ctjz_;< 2t? )221<]>
(2k)! (22 = B)F
Kk + 1) (2ct)2k+1

((Qk + 1)ct+/3).

The first term coincides with
P{maxogsgt T(S) < B ‘ V(O) =C, N(t) =2k — 1}.
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Cumulative distribution function: V(0) = —c¢

Also the cumulative function (20) is related to the previous ones by
means of the weighted sum

P{max T(s) <p|V(0)=—¢,N(t) =2k + 1}

0<s<t
2% + 1

- 2k12 {max T(s) < 8 V(0) = —¢, N(t) = 2k}
ot pax T(s) < B V(0) = N(t) = 2k + 1},
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We have the general expressions for the conditional and
unconditional moments of the maximum for V(0) = c.

E

=K

Cinque and Orsingher

<O§s§t

max T

0<s<t

(2k + 1)!(ct)™ F(’%“)
92k +1| F<k,+1+mT+1)'

Sapienza, University of Rome

(s))m | V(0) = ¢, N(t) = 2k + 1

(max T(s))m | V(0) = ¢, N(t) = 2k +2
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Moments: V(0) = ¢

Formula (21) specializes for m = 1,2 as

2k+ 1\ ct
and
2 2t2
E (()rg?%{t T(s)) (VO =eN(H) =2k +1] = 5. (24)

The last result immediately shows that the maximum of the
telegraph process converges in mean square to zero as k — 00.
This is because the increasing number of changes of direction
constraints the moving particle in a neighborhood of the starting
point.
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Moments: V(0) = ¢
The unconditional m-th moment reads
E T(s))" | V(0 25
(fax 7())" | V(0) = (25)
2\ m+1
—At mf <\ 2
M (3) () Fa 00 g ()
Cinque and Orsingher
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Moments: V(0) = ¢

In particular the first two moments read

]E[max T(s) | V(0) = c} —e Mot [Io (M) + I ()\t)]

0<s<t
and
2 At on
E (522%7(3)) ]V(O)—c] :7+ﬁ(e -1).
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Moments: V(0) = —c

The condition that V' (0) = —c clearly modifies all the values of the

moments.
E (JQ?;%T s))m | V(0) = —¢,N(t) = 2k] (28)
e[ ) (34
PR r(k+ms) r(k+1+g)
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Moments: V(0) = —c

The first moment read

= = _ (2k)! c
E| max T(s) | V(0) = —¢,N(t) = 2k| = ctymoop — 5= =
(29)
ct
= CtP{OmS?%{t T(s) = 0| V(0) = —¢, N(t) = 2k} — S

The mean value increases initially with k, attains the maximum
value for 2k = 4 and then decreases. For sufficiently large values of
k, the mean of the maximal displacement is a multiple of the

probability of the singularity (which itself decreases as —).

Vrk
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