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Abstract. The model of conditionally binomial nonlinear regression time series with discrete regres-

sors is considered. A new frequencies-based estimator (FBE) of explicit form is constructed for this

model. FBE is shown to be consistent, asymptotically normal, asymptotically effective, and to have less
restrictive uniqueness assumptions w. r. t. the classical MLE. A fast recursive algorithm is constructed

for FBE re-computation under model extension. Asymptotically optimal Wald test and forecasting

statistic based on FBE are developed. Computer experiments on simulated data are performed for
FBE.
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1. Introduction

Statistical analysis (including estimation of model parameters, hypotheses testing and
forecasting) of regression time series is a classical and intensively used in practice branch
of mathematical statistics [1–3]. A wide family of regression models called generalized
linear models (GLM) was proposed by Nelder and Wedderburn [4] and developed by
McCullagh and Nelder [5], Kedem and Fokianos [1]. A basic approach to statistical
parameter estimation for GLM is a classical maximum likelihood estimation (MLE). Be-
ing asymptotically effective (attaining the Cramer–Rao bound), on practice MLE often
faces well known computational troubles like numerical maximization of the likelihood
(because of absence of its explicit form for the estimators), non-uniqueness (many local
maxima of the likelihood) for “significantly non-canonical” link functions, high compu-
tational complexity.

Nowadays, discrete-valued time series are used in many applied fields: genetics [6],
information protection [7–9], meteorology [1], psychology [6], finance [6]. In this paper
we consider a GLM-based regression model of binomial count time series with discrete re-
gressors. Using our approach proposed firstly for the binary time series [10], we construct
a new consistent, asymptotically normal and asymptotically effective frequencies-based
estimator (FBE) free of usual MLE drawbacks mentioned above. In particular, FBE has
an explicit form, provides fast iterative model extension, and performs well for any kinds
of smooth enough link functions. Distinctive feature of FBE is that it essentially uses
discreteness of regressors. Using FBE we construct Wald test for testing hypotheses on
the true values of model parameters and forecasting statistics.

The paper includes Introduction (Section 1), five main sections, and Conclusion (Sec-
tion 7). In Section 2, mathematical model is defined. Section 3 is devoted to FBE
construction and its basic properties. Section 4 contains results on statistical hypotheses
testing and statistical forecasting based on FBE. In Section 5, computational features
of FBE are analyzed and compared to the ones of classical MLE. Section 6 provides
numerical results on simulated data.
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2. Mathematical model

We consider the following regression model determined by Binomial conditional prob-
ability distribution:

L {y|x} ∼ Bi(N, θx), P{y = u|x} =
(
N
u

)
θux(1− θx)N−u, y, u ∈ Y, (1)

where

θx = F (
∑m

i=1 aiψi(x)), x ∈ X. (2)

Here x ∈ X is an observable nonrandom discrete regressor taking values from a finite set
X with cardinality |X|, 2 ≤ |X| <∞; y ∈ Y is an observable dependent random variable
taking values from the finite set Y := {0, 1, . . . , N} with cardinality |Y| = N +1, N ∈ N;
the function θx : X → [0, 1] given by (2) determines parameters of Binomial distribu-
tion (1); F (·) is some known cumulative distribution function (c.d.f.); ψi(·) : X → R,
i = 1, . . . ,m, are m known linearly independent base functions (m ≤ |X|); a = (ai)

m
i=1 ∈

∈ Rm is a vector of m ∈ N unknown model parameters to be estimated.
Note that the generalized regression model with K discrete regressors x(1) ∈ X(1),. . . ,

x(K) ∈ X(K), where X(1), . . . ,X(K) are any finite sets, can be reduced to the model (1),
(2) by definition of the composed regressor x = (x(1), . . . , x(K)) ∈ X = X(1)×· · ·×X(K).

Remark 1. We will also consider a “wrapping” regression model determined by the wrap-
ping model’s parameter Θ = (θx)x∈X according to (1). In this sense equation (2) deter-
mines the embedded model with parameter a ∈ Rm.

Introduce some regularity assumptions on the c.d.f. F (·):
A.1: 0 < F (z) < 1 for all z ∈ R;
A.2: F (·) and its inverse F−1(·) are twice continuously differentiable;
A.3: derivative F ′(z) never equals 0 or ∞.

Further, as in [1, 5], we call G := F−1 : (0, 1)→ R a link function.
Introduce some notations:

• F : (zi) 7→ (F (zi)) is the elementwise transform of some vector z = (zi) by the
c.d.f. F (·); transform G is the same for the link function G;

• Ψ(x) = (ψ1(x), . . . ,ψm(x))′ is a vector-column of base functions at point x ∈ X;
• Ψ ∈ Rm×|X| is (m × |X|)-matrix of columns Ψ(x), x ∈ X; informally, Ψ is also

treated as the set of base functions {ψi}mi=1 (rows of matrix Ψ);
• the parameter of the model (1), (2) and the parameter of its wrapping model (1)

are related as follows:

Θ(a) = (F (a′Ψ(x)))x∈X = F(a′Ψ); (3)

• RX is a |X|-dimensional space of functions f : X→ R;
• ΠΨ ⊂ RX is a linear span of the basis {ψi}:

ΠΨ = span(ψ1, . . . ,ψm); (4)

• for two sets of functions φj = {φj
i ∈ RX}mj

i=1, j = 1, 2, and for some matrix
h ∈ RX×X denote Gram (m1 ×m2)-matrix of dot products:〈

φ1,φ2
〉
h

:= ((φ1
i )′hφ2

k) ∈ Rm1×m2 , i = 1, . . . ,m1, k = 1, . . . ,m2; (5)

for φ = φ1 = φ2 briefly 〈φ〉h := 〈φ,φ〉h, for one-function set 〈φ〉h =: ‖φ‖2h ∈ R
(squared L2-norm), for the identity matrix h = Id: 〈·〉Id =: 〈·〉;

• 1{A} is the indicator of event A;
• design of T ∈ N experiments (DOE) in X:

πT = (πTx )x∈X, πTx = 1
T

∑T
t=1 1{xt = x}, (6)
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where πTx means a portion of experiments with the fixed value x ∈ X of the
regressor.

We observe two discrete-time processes of the length T ∈ N: the regressor nonran-
dom process xt ∈ X, and the response random process yt ∈ Y. All the pairs (yt, xt),
t = 1, . . . , T , are mutually independent and follow model (1), (2). Further let us agree
to denote θt := θxt

for brevity.

3. Statistical estimation of parameters

Let us consider the problem of statistical estimation of parameter a ∈ Rm by T pairs of
observed data Y T

1 = (y1, . . . , yT ) ∈ YT , XT
1 = (x1, . . . , xT ) ∈ XT . Maximum likelihood

estimators (MLE) for the model parameter a = (ai)
m
i=1 and for parameter Θ = (θx)x∈X

of the wrapping model are defined as follows:

Θ̂ := arg maxΘ L(Θ), (7)

â∗ := arg maxa L(Θ(a)), (8)

where Θ(a) is defined by (3), L(Θ) is the loglikelihood function for the model (1):

L(Θ) =
∑T

t=1 λ(yt, θt), λ(y, θ) := ln
(
N
y

)
+ y ln θ+ (N − y) ln(1− θ). (9)

Lemma 1. MLE (7) is the vector Θ̂ = (θ̂x)x∈X determined by expressions:

θ̂x = arg max0≤θ≤1 Lx(θ) = 1
N ·

1
|Tx|

∑
t∈Tx

yt, x ∈ X, (10)

Lx(θ) :=
∑

t∈Tx
λ(yt, θ), Tx := {t = 1, . . . , T : xt = x}. (11)

Proof. Loglikelihood function (9) satisfies the separable presentation:

L(Θ) =
∑

x∈X Lx(θx),

and can be minimized separately by each θx, x ∈ X. The MLE θ̂x for the parameter θx
of a Binomial distribution Bi(N, θx) built by the subsample {yt : t ∈ Tx} has the form
(10). �

Theorem 1. If the DOE (6) converges under T →∞ to some nonsingular distribution

π = (πx): πTx → πx > 0, x ∈ X, then there exist sequences Θ̂ = Θ̂(T ) ∈ (0, 1)X and
â∗ = â∗(T ) ∈ Rm, such that:

1) with probability going to 1, as T → ∞, Θ̂ and â∗ are the local maximums of
loglikelihood functions L(Θ) and L(Θ(a)) (asymptotic existence);

2) Θ̂
P−→

T→∞
Θ, â∗

P−→
T→∞

a (consistency);

3)
√
T (Θ̂−Θ)

D−→
T→∞

NX(0, I−1(Θ)),
√
T (â∗ − a)

D−→
T→∞

Nm(0, I−1(a)) (asymptotic

normality).

Here I(Θ) ∈ R|X|×|X| and I(a) ∈ Rm×m are Fisher information matrices for the param-
eters Θ and a respectively (using notations (5)):

I(Θ) = diag(πxIBi(θx))x∈X, (12)

I(a) = 〈Ψ〉J , J = diag
(
πxIBi(θx)(G′(θx))−2

)
x∈X ∈ R|X|×|X|, (13)

IBi(θ) = N/θ(1−θ) is the Fisher information w. r. t. parameter θ of Binomial distribution
Bi(N, θ).

Proof. The results follow from [11] under regularity conditions A.1–A.3. �

Remark 2. Diagonal matrix J defined by (13) is nonsingular and finite. It follows from
nonsingularity of the limit DOE π, condition A.3 and from nonsingularity of Fisher
information IBi(θ) > 0 for θ ∈ (0, 1).
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Let us now build a new plug-in statistical estimator for the parameter a using the
MLE (7) for the wrapping model: â = â(Θ̂).

Lemma 2. For the wrapping model (1) the following relations hold:

a′Ψ(x) = G(θx), x ∈ X. (14)

Proof. Acting by the link function G(·) on the both parts of (2) gives (14). �

Using Lemma 2 and Theorem 1 let us follow [10] and build a system of |X| linear in
a = (ai) equations based on relations (14) and consistent estimators (7):

a′Ψ(x) = G(θ̂x), x ∈ X. (15)

On practice, equations (15) are only available for some subset of the observed values
x ∈ X. This question is discussed in Section 5. Assuming that m ≤ |X|, for the system
(15) we use the minimal squares method:

0 ≤W (a) :=
∑

x,x′∈X(a′Ψ(x)−G(θ̂x))(a′Ψ(x′)−G(θ̂x′))Hxx′ =

= ‖a′Ψ−G(Θ̂)‖2H → min
a∈Rm

, (16)

where H = (Huv) = H ′ ≥ 0 is a symmetric nonnegative definite weight (|X|×|X|)-matrix
such that bilinear form W is strictly positive definite on Rm.

Theorem 2. If 〈Ψ〉H > 0, then the minimization problem (16) has the unique solution:

â := arg mina∈Rm W (a) = 〈Ψ〉−1
H

〈
Ψ,G(Θ̂)

〉
H
, (17)

W (â) = mina∈Rm W (a) = G(Θ̂)′
(
H −HΨ′〈Ψ〉−1

H ΨH
)
G(Θ̂). (18)

Proof. The proof is similar to the proof of Theorem 1 from [10] and follows from the
properties of positive definite quadratic forms [12]. �

The statistic (17) is based on frequencies (10), therefore, similarly to [10] we call
statistic (17) the FB-estimator (FBE) of parameter a.

Theorem 3. Under 〈Ψ〉H > 0 and conditions A.1–A.3 as T → ∞ the FBE (17) is
consistent and asymptotically normal statistical estimator:

â
P−→

T→∞
a,
√
T (â− a)

D−→
T→∞

Nm(0,ΣH),

ΣH = 〈Ψ〉−1
H 〈Ψ〉HJ−1H〈Ψ〉

−1
H , (19)

where the matrix J is defined by (13).

Proof. The proof is similar to the proof of Theorem 2 and Theorem 3 in [10] and is based
on Theorem 1 of this paper and on theorem on smooth functional transformations of
asymptotically normal random sequences [13]. �

Corollary 1. For the optimal weight matrix H = J defined by (13) the FBE is asymp-
totically efficient: it attains the Cramer–Rao bound ΣH = I−1(a) as T →∞.

Proof. Substitution of J into (19) instead of H gives ΣJ = 〈Ψ〉−1
J , which equals I−1(a)

according to (13). �
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4. Statistical hypotheses testing and statistical forecasting

Due to asymptotic normality of the built FBE (17) proved in Theorem 3, this con-
structed estimator can be used for statistical hypotheses testing: H0 : a = a0, where a0

is some fixed hypothetical value, against the alternative H1 = H0 based on the Wald
criterion [14]:

accepted

{
H0, if (â− a0)′Σ−1

H (â− a0) ≤ F−1
χ2
m

(1− ε),
H1, otherwise,

(20)

where F−1
χ2
m

(·) means the chi-square quantile function with m degrees of freedom, 0 < ε < 1

is some significance level.

Corollary 2. The Wald criterion (20) has the asymptotic significance level ε as T →∞.

Consider now the problem of statistical forecasting of the future state yT+τ ∈ Y in
τ ≥ 1 steps ahead based on the data Y T

1 , (XT
1 , xT+τ).

Corollary 3. If a is known, the minimal mean square error of forecasting is given by
the forecasting statistic

ŷT+τ = [NF (
∑m

i=1 aiψi(xT+τ))],

where [z] means the closest integer to the number z.

Proof. Let y = yT+τ, x = xT+τ. As ŷ = ŷ(x) is nonrandom, the mean square error
E
{

(ŷ − y)2
}

= D{y}+ |ŷ− E{y}|2 = Nθx(1− θx) + |ŷ−Nθx|2, which is minimal at the

closest to Nθx = NF (
∑m

i=1 aiψi(x)) integer ŷ. �

Using Theorem 3 we propose the asymptotically optimal forecasting statistic:

ỹT+τ = [NF (
∑m

i=1 âiψi(xT+τ))], (21)

where â = (âi) is determined by explicit form (17).

5. Computational advantages of FBE

FBE (17) has some essential computational advantages w. r. t. MLE (8). First of all,
FBE has an explicit form (17), while MLE is computed by iterative numerical procedure
with known related problems. As we will see, the other advantages are: less restrictive
sufficient uniqueness conditions; ability of iterative extension of the model.

Consider the following subsets of the regressor discrete space X:

M = M(XT
1 ) :=

⋃T
t=1{xt}, M+ = M+(XT

1 ) :=
⋂

y∈{0,N}
⋃T

t=1{xt|yt 6= y}. (22)

The set M contains all the values of regressors xt ∈ X met in the observed regressor
process XT

1 . Also M is representable as a support of DOE (6) and the set of x ∈ X for
which Tx 6= ∅ in (11). The set M+ ⊂ M, in its turn, contains those values x ∈ X for
which there exist t, τ ∈ {1, . . . , T}: xt = xτ = x, yt < N , yτ > 0. The estimates (10)
are only defined for x ∈M. The equations (15), according to (10), are only defined for

x ∈M+. Indeed, G(θ̂x) is finite iff θ̂x 6∈ {0, 1} which is equivalent to x ∈M+. Therefore,
similarly to the case of binary autoregressive model [10], we consider the sparse FBE that
use some subset of equations (15) instead of their full set of the size |X|. Namely, we use
the following restrictions on the weight matrix H:

H ∈ HM , HM := {H = H ′ ≥ 0 : Hx,x′ ≡ 0,∀(x, x′) 6∈M2}, M ⊂ X. (23)

If the weight matrix H in (17) satisfies (23), then we call corresponding FBE (17) an
M -sparse FBE. As it was mentioned above, the equations (15) are only possible for
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x ∈M+, whence only M+-sparse FBEs can be built by the observations (Y T
1 , XT

1 ). For
each M ⊂ X we denote by [M ] the corresponding projector matrix:

[M ] := (1{x = x′ ∈M})x,x′∈X ∈ HM . (24)

The sufficient uniqueness conditions for MLE (8) and FBE (17) are as follows:

U∗: lnF (z), ln(1 − F (z)) are strictly concave on z ∈ R, and 〈Ψ〉[M+] is positive

definite;
U : 〈Ψ〉H is positive definite.

Theorem 4. Under condition U∗ (U) the MLE (8) (the FBE (17)) is unique.

Proof. The uniqueness of the FBE (17) under condition U follows from Theorem 2.
Conditions U∗ are given in [15, 16] as a sufficient ones for MLE uniqueness for binary
and binomial GLM models. �

Remark 3. C.d.f. F (·) satisfying the condition U∗ is called weakly log-concave [17].
In particular, logistic and normal c.d.f.’s satisfy it, while Cauchy c.d.f. and the others
heavy-tailed ones do not. The conditions U and U∗ related to the basis Ψ are close to
each other and are equivalent for the weight matrices H ∈ HM+

of a general form, when
H is strictly positive definite restricted to M+.

According to the formula (17), computational complexity of M -sparse FBE is linear
in the cardinality |M |, i. e. in the number of equations (15) used. So the small subsets
M ⊂ X lead to reduced computational complexity of M -sparse FBEs (17), (23). On the
other hand, M -sparse FBEs use incomplete data, which leads to a decrease in efficiency
(accuracy) of estimation. Therefore some balance is needed between efficiency and com-
putational complexity. Further we find the best attainable efficiency of the M -sparse
FBE subject to a fixed subset M .

Let us use a measure of efficiency of FBE (17) which we call risk:

R(â) := tr(ΣH · I(a)) ≥ m, (25)

where I(a) and ΣH are respectively the Fisher information matrix (13) and the as-
ymptotic covariance matrix (19). The minimum risk value R = m corresponds to the
Cramer–Rao bound that is reached at H = J due to Corollary 1. Introduce some nota-
tion:

• for two m-dimensional subspaces Π1, Π2 of a Hilbert space denote

cos−2(Π1,Π2) :=
∥∥∥〈ϕ1,ϕ2

〉−1
∥∥∥2

F
=
∑m

i=1 1/ cos2 αi, (26)

where ‖D‖2F =
∑

i,j D
2
ij is a squared Frobenius norm of a matrix, ϕi = {ϕi

j}mj=1 ⊂
⊂ Πi, i = 1, 2, are two arbitrary orthonormal bases, {αi}mi=1 are the Jordan’s
principal angles [18] between Π1 and Π2;

• under the notation (4) and (13), denote the following m-dimensional subspaces
of RX:

Π1 = J1/2ΠΨ ⊂ RX, Π2 = J−1/2HΠΨ ⊂ RX. (27)

Theorem 5. Risk (25) of the FBE (17) has the form

R(â) = cos−2(Π1,Π2). (28)

Proof. The proof of this theorem is similar to the proof of Theorem 4 in [10] for the space
RX instead of R{0,1}s . �

Theorem 6. Let |〈ΨM 〉| 6= 0 for M ⊂ X. Then the minimal risk (25) among the
M -sparse FBEs (17) is attained at HM = JM and has the value

R∗M (a) := minH∈HM
R(â) = tr

(
〈ΨM 〉−1

JM
〈Ψ〉J

)
. (29)
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Here J is defined by (13), JM is an (M ×M)-submatrix of J , ΨM is a submatrix of base
functions {ψi} restricted to M .

Proof. The proof of this theorem is similar to the proof of Theorem 5 in [10] and is
derived from (28) by the following scheme. From H ∈ HM it follows that Π2 ⊂ ΠM ,
where ΠM ⊂ RX is a subspace of functions ξ : X → R having support suppξ ⊂ M .
The subspaces Π1, Π2 and Π∗ = [M ]Π1 (see (24)) are m-dimensional, which follows from
〈Ψ〉H > 0 and |J | 6= 0 (see Remark 2). The value (29) equals cos−2(Π1,Π∗), hence we
get from (28) and Lemma 5 in [10] that

R∗M (a) = cos−2(Π1,Π∗) ≤ cos−2(Π1,Π2) = R(â).

This lower bound of the risk R(â) is attained at HM = JM where Π2 = Π∗. �

One more advantage of the FBE (17) w. r. t. the MLE (8) is the fast iterative model
extension algorithm. By model extension, we mean adding a new base function ψm+1(·)
to the base Ψ = {ψi}mi=1.

The fast “Gram–Schmidt-based” algorithm of re-estimation of a parameter a is as
follows. We have to orthonormalize the base {ψi} w. r. t. the dot product 〈·, ·〉H . The
weight matrix H is assumed to be fixed during the iterative process. On the m-th
iteration the algorithm stores O

(
m2
)

auxiliary coefficients: the inverse Gram matrix

Sm = 〈Ψ〉−1
H ∈ Rm×m; Cholesky decomposition Sm = R′R, where R = (Ri,j)

m
i,j=1

is a lower triangular matrix (Ri,j ≡ 0 at j > i). The i-th function of the resulting

orthonormal base is ψ̃i =
∑i

j=1 Ri,jψj ;

εi(ξ) := 〈ψ̃i, ξ〉H =
∑i

j=1 Ri,j〈ψj , ξ〉H , Ei(ξ) :=
∑i

j=1 ε
2
j (ξ),

are respectively the i-th coefficient of ξ : X → R in the base {ψ̃i}, and a squared norm
of the orthogonal projection of ξ onto span(ψj)

i
j=1 w. r. t. 〈·, ·〉H . Under the notation (5)

the FBE â = âm ∈ Rm is computed by the recurrence

âmi = âm−1
i + εm(G(Θ̂)) ·Rm,i, i = 1, . . . ,m, (30)

where âmi ≡ 0 at i > m. The approximation error (18) is computed as follows:

W (âm) = ‖G(Θ̂)‖2H − Em(G(Θ̂)). (31)

The recurrences for the inverse Gram matrix and Cholesky decomposition are:

Rm,m =
(
‖ψm‖2H − Em−1(ψm)

)−1/2
, (32)

Rm,i = −Rm,m

∑m−1
j=1 〈ψm,ψj〉HSm−1

i,j , i = 1, . . . ,m− 1, (33)

Sm
i,j = Sm−1

i,j + Rm,iRm,j , i, j = 1, . . . ,m. (34)

Here Sm−1
i,j ≡ 0 at max{i, j} = m. Initial values are a0 = 0, S0 = 0, R1,1 = 1/‖ψ1‖H .

Using the described algorithm (30)–(34) we can add new base functions ψm+1 adap-
tively, i. e. minimizing the error (31) among the candidates for ψm+1. We propose the
following empirical choice for subset M ⊂ X and for weight matrix H ∈ HM :

M = Mα := min{M ⊂M+ : πTM ≥ α}, H = Ĵ = diag

(
πTx

IBi(θ̂x)

(G′(θ̂x))2

)
x∈M

, (35)

where the DOE πT is defined by (6), 0 ≤ α ≤ α∗ = πTM+
≤ 1. The choice (35) for H is

based on Theorem 6. The choice (35) for M gathers the most “data-supported” values
x ∈ X by some threshold α of data portion used.
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6. Results of computer experiments

For the experiments we use time series simulated for the model (1), (2) with the fol-
lowing parameters: N = 3, Y = {0, 1, 2, 3}; X = {0, 1, . . . , 31}; F (z) = 1

2 +π−1 arctan(z)

is the Cauchy c.d.f; m = 5, {ψi(x)}5i=1 are the first five polynomials orthonormal on X
w. r. t. the uniform probability measure, degψi = i−1, i = 1, . . . , 5; a0 = (1,−1, 2,−2, 1)
is true model parameter.

The plots in Figure 1 illustrate dependence of the risk (25) on time series length T
(both risk and time series length are in logarithmic scale on the plots). The risk (25)
was evaluated by Monte Carlo method with K = 1000 replications:

R̂(â) = T
K

∑K
k=1 ‖â(k) − a0‖2I(a),

where â(k) is the value of statistic (17) in the k-th replication. The both plots in Fig-
ure 1 have the lower level log2(R(â)) ≈ 2.32 corresponding to the Cramer–Rao bound
R(â) = 5.

The left plot in Figure 1 is constructed for the case of uniform DOE (6): πTx = 1/32,
x ∈ X. As it is seen from this plot, the use of the estimated optimal weight matrix
H = Ĵ in (17) gives significant gain (w. r. t. the case H = Id) in the estimation accuracy
and asymptotical convergence of the FBE (17) to the Cramer–Rao bound.

The right plot in Figure 1 is constructed for H = Ĵ and for the case of nonuniform
DOE (6) with the portions πTx ranging between 1/24 and 1/48. The right plot shows
that the loss of estimation accuracy caused by the use of sparse FBE (α is a πT -measure
of sparse subset of equations (15) used) is more significant for large time series length T .
For “small data” the corresponding loss of estimation accuracy is less dramatic.

Figure 1. Dependence of the risk (25) on time series length T (both
in logarithmic scale); left plot: different weight matrices H (unit ma-

trix H = Id versus the estimated optimal matrix H = Ĵ); right plot:

different parameters α of the sparse subset of regressors (35), H = Ĵ

7. Conclusion

The following new results are obtained in the paper for conditionally binomial non-
linear regression time series with discrete regressors:

1) a new frequencies-based estimator (FBE) of explicit form is constructed;
2) FBE is shown to be consistent, asymptotically normal and asymptotically effec-

tive;
3) FBE is shown to have less restrictive uniqueness assumptions w. r. t. the classical

MLE;
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4) a fast recursive algorithm is constructed for FBE re-computation under model
extension;

5) asymptotically optimal Wald test and forecasting statistic based on FBE are
developed;

6) FBE is successfully tested in computer experiments on simulated data.

The authors plan to use the developed results in robust statistical analysis [19–22].
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ÑÒÀÒÈÑÒÈ×ÍÈÉ ÀÍÀËIÇ ÓÌÎÂÍÎ ÁIÍÎÌIÀËÜÍÈÕ ÍÅËIÍIÉÍÈÕ
ÐÅÃÐÅÑIÉÍÈÕ ×ÀÑÎÂÈÕ ÐßÄIÂ IÇ ÄÈÑÊÐÅÒÍÈÌÈ ÐÅÃÐÅÑÎÐÀÌÈ

Þ. Ñ. ÕÀÐIÍ, Â. À. ÂÎËÎØÊÎ

Àíîòàöiÿ. Ðîçãëÿíóòî ìîäåëü óìîâíî áiíîìiàëüíîãî íåëiíiéíîãî ðåãðåñiéíîãî ÷àñîâîãî ðÿäó ç äèñ-
êðåòíèìè ðåãðåñîðàìè. Äëÿ öi¹¨ ìîäåëi áóäó¹òüñÿ íîâà ñòàòèñòè÷íà FB-îöiíêà ïàðàìåòðiâ íà îñíîâi
÷àñòîò, ÿêà ìà¹ ÿâíèé âèãëÿä. Äëÿ FB-îöiíêè äîâîäÿòüñÿ êîíçèñòåíòíiñòü, àñèìïòîòè÷íà íîðìàëü-
íiñòü, àñèìïòîòè÷íà åôåêòèâíiñòü, à òàêîæ äîñòàòíi óìîâè ¹äèíîñòi, ìåíø æîðñòêi ïîðiâíÿíî ç
òàêèìè äëÿ êëàñè÷íî¨ îöiíêè ìàêñèìàëüíî¨ âiðîãiäíîñòi. Áóäó¹òüñÿ øâèäêèé ðåêóðñèâíèé àëãî-
ðèòì îá÷èñëåííÿ FB-îöiíêè ïðè ðîçøèðåííi ìîäåëi. Íà îñíîâi FB-îöiíêè ðîçðîáëÿþòüñÿ àñèìïòî-
òè÷íî îïòèìàëüíi êðèòåðié Âàëüäà i ïðîãíîçóþ÷à ñòàòèñòèêà. Íàâåäåíî ðåçóëüòàòè êîìï'þòåðíèõ
åêñïåðèìåíòiâ íà ìîäåëüíèõ äàíèõ.

ÑÒÀÒÈÑÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ ÓÑËÎÂÍÎ ÁÈÍÎÌÈÀËÜÍÛÕ
ÍÅËÈÍÅÉÍÛÕ ÐÅÃÐÅÑÑÈÎÍÍÛÕ ÂÐÅÌÅÍÍÛÕ ÐßÄÎÂ Ñ

ÄÈÑÊÐÅÒÍÛÌÈ ÐÅÃÐÅÑÑÎÐÀÌÈ

Þ. Ñ. ÕÀÐÈÍ, Â. À. ÂÎËÎØÊÎ

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìîäåëü óñëîâíî áèíîìèàëüíîãî íåëèíåéíîãî ðåãðåññèîííîãî âðå-
ìåííîãî ðÿäà ñ äèñêðåòíûìè ðåãðåññîðàìè. Äëÿ ýòîé ìîäåëè ñòðîèòñÿ íîâàÿ, èìåþùàÿ ÿâíûé
âèä, ñòàòèñòè÷åñêàÿ FB-îöåíêà ïàðàìåòðîâ íà îñíîâå ÷àñòîò. Äëÿ FB-îöåíêè äîêàçûâàþòñÿ ñîñòîÿ-
òåëüíîñòü, àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü, àñèìïòîòè÷åñêàÿ ýôôåêòèâíîñòü, à òàêæå äîñòàòî÷íûå
óñëîâèÿ åäèíñòâåííîñòè, ìåíåå æåñòêèå â ñðàâíåíèè ñ òàêîâûìè äëÿ êëàññè÷åñêîé îöåíêè ìàêñè-
ìàëüíîãî ïðàâäîïîäîáèÿ. Ñòðîèòñÿ áûñòðûé ðåêóðñèâíûé àëãîðèòì âû÷èñëåíèÿ FB-îöåíêè ïðè
ðàñøèðåíèè ìîäåëè. Íà îñíîâå FB-îöåíêè ðàçðàáàòûâàþòñÿ àñèìïòîòè÷åñêè îïòèìàëüíûå êðèòå-
ðèé Âàëüäà è ïðîãíîçèðóþùàÿ ñòàòèñòèêà. Ïðèâîäÿòñÿ ðåçóëüòàòû êîìïüþòåðíûõ ýêñïåðèìåíòîâ
íà ìîäåëüíûõ äàííûõ.


