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TESTING HYPOTHESES FOR MEASURES WITH DIFFERENT
MASSES: FOUR OPTIMIZATION PROBLEMS

A. A. GUSHCHIN, S. S. LESHCHENKO

ABSTRACT. We consider a problem similar to testing two composite hypotheses, where measures con-
stituting the hypotheses are not probabilities and may have different masses. Then it is naturally to
consider four different optimization problems. To characterize optimal solutions we introduce corre-
sponding dual optimization problems. Our main goal is to find sufficient conditions for the existence
of saddle points in each problem.
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1. INTRODUCTION

The problem of testing two composite hypotheses in statistics has a long history.
Here we briefly mention some key papers. If the hypotheses are simple, the fundamental
Neyman—Pearson lemma describes a test which minimizes the second type error (or
maximizes the power) among all tests of given level. A classical result of Lehmann [10,
Section 8.1] gives sufficient conditions under which the Neyman—Pearson test for Bayesian
mixtures is a maximin test for composite hypotheses. However, it says nothing how to
find such mixtures. Moreover, they may not exist. Krafft and Witting [9] introduced
a dual problem, whose solution, if it exists, provides required mixtures. Baumann [1]
introduced a dual problem in the space of finitely additive set functions. This problem
always has a solution, which allows us to give a complete characterization of maximin
tests, but it has only theoretical value, since it involves finitely additive set functions.
Cvitani¢ and Karatzas [2] extended the domain of the definition of the dual problem
introduced by Krafft and Witting and thus weakened the assumptions under which the
dual problem has a solution. Their result was generalized by Gushchin [6] where the
reader can find a more detailed history of the problem and a discussion concerning
relations between different existing results.

At the same time in applications, especially in mathematical finance, there often ap-
pear optimization problems of the same type but where the hypothesis and alternative
contain (nonnegative and finite) measures that are not assumed to be probability mea-
sures. Of course, these measures may have different masses inside each family. Then
there appear naturally four different optimization problems (which are the same in the
case of probability measures). For example, if the alternative contains measures with
different masses, then maximizing the smallest “power” or minimizing the largest “prob-
ability of type II error” are different problems. A similar manipulation with a constraint
on “the probability of type I error” provides two other problems. For all four problems,
we find a dual optimization problem, whose solution gives a “least favorable” pair of
measures determining a solution to the corresponding initial problem.

Though this four optimization problems are the same in the case of probability mea-
sures, the corresponding dual problems, being very similar, are different. Moreover, the
existence of solutions of dual problems is proved under different assumptions. The dual
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optimization problem introduced in [6] is one of these four problems which requires the
weakest assumptions.

The paper is organized as follows. Our main results are stated in Section 2. We
deal with the case of arbitrary finite measures. Theorem 1 says that a minimax (or
maximin) test always exists in all four problems. We also formulate dual minimization
problems and show that there are no duality gaps. To ensure the existence of solutions to
dual problems, in general, one should extend the domain of definition of dual problems.
Conditions under which duality relations preserve and saddle points exist are given in
Theorem 2. Section 3 contains the proofs. Intermediate statements are presented in
a number of lemmas, which might be useful if the assumptions of Theorem 2 are not
satisfied.

The families of measures corresponding to the null hypothesis and the alternative are
assumed to be dominated. This allows us to identify a measure with its density and thus
to consider the null hypothesis and the alternative as subsets H and G respectively of
a positive cone IL}s_ on some probability space (2, F,P). E stands for expectation with
respect to P, while expectation with respect to a measure Q is denoted by Eq. Here and
below L' and L are the Banach spaces L'(Q, F,P) and L>°(Q, F,P) of P-integrable
and P-essentially bounded random variables respectively (random variables that coincide
P-a.s. are identified) with the usual norms, whereas L.O = L°(Q, F, P) is the space of real-
valued random variables equipped with the topology of convergence in P-probability. Let
us emphasize that infinite values are not allowed for elements of L°. Let ® be the set of
all randomized tests, that is, of measurable functions @: Q — [0,1]. Finally, denote by
co(+) the convex hull of a set of random variables. The bar over a subset of L. stands for
its closure.

Let us briefly describe how such optimization problems appear in mathematical fi-
nance. Assume that the discounted price process of d underlying assets is described as an
R?-valued semimartingale S = (St)tejo,r) on a filtered probability space (2, F, (Ft)te[0,77s
P). Let Py denote the set of probability measures P* equivalent to P such that S is a
o-martingale with respect to P*. A self-financing strategy is a pair (Vp,n) where Vj >0
is an initial capital and n is a predictable process such that the value process

t
W:VO+JnSdSS7 tG[O,T],
0

is well defined. Such a strategy is called admissible if the corresponding value process V'
satisfies V; > 0 for all ¢ € [0, 7.

Consider a contingent claim with payoff H, where H is an Fpr-measurable nonnegative
random variable. The superhedging price Uy is defined as the smallest amount V{ such
that there exists an admissible strategy (Vo,n) with Vr > H. The corresponding strategy
is called the superhedging strategy of the claim H. The dual characterization of the
superhedging price U is

Up= sup Ep+H < +o00.
P*EPo

From a practical point of view the cost of superhedging is often too high, see e.g.
[7]. For this reason, it is natural to study the possibility of investing less capital than
the superhedging price. Namely, let Vo < Up be a given maximal amount of money
the investor is willing to spend. Then we look for an admissible strategy (Vp,1n) with
0 < Vo <V, that minimizes the risk of losses due to the shortfall {Vz- < H}. The size of
a shortfall (H — V)T can be written as (1 — @)H, where

Vr
¢ =lig<vyy + F]]'{H>VT}
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is called a success ratio. It is a randomized test, and in this way tests come into consid-
eration. If ¢ is a non-randomized test, E¢@ is just the probability P(Vy > H) that the
hedge is successful. Typically, the corresponding dynamic optimization problem can be
split in two problems: to find a modified claim @ H, where @ is a randomized test solving
a corresponding static optimization problem and to find a superhedging strategy for the
modified claim @H.

As an example, let us mention a static optimization problem appearing in [4]. It
is required to maximize the expected success ratio E@ over tests @ € ® satisfying the
constraint [ @H dP* < VO, where P* runs over the class Ps. The constraint corre-
sponds to the requirement Ep«[Vy] < Vo. Here we have a composite null hypothesis
H = {H%: P* e PG} and the simple alternative G = {1}. This optimization problem
corresponds both to Problem 1 and 2 introduced in the following section.

We also mention the papers [12], [13], and [17], where the shortfall risk is measured
by a coherent risk measure. As a result, the aim is to minimize

sup Eq[(H — Vi)*] = sup Eq[H(1 - ¢)],
QeQ QeQ

where Q ia a set of probability measures. Here we obtain Problem 2 with the same
composite null hypothesis H as above and a composite alternative G = {H %: Qe Q}.

We also refer to [5, 8, 11, 14-16, 19, 20] for further related results on partial hedging,
in particular, for other measures that quantify the shortfall risk.

2. MAIN RESULTS

Let & and 3 be real numbers. Put

Do :={@ e ®|supEho] <a}, Pp:={ec®| inf Eh(l- )] >p}
heH heH

The sets &, and @ﬁ are nonempty if o« > 0 and B < infpe9 E[h], respectively.
We consider the following optimization problems:

to maximize ;relg E[go] over @ € &g, (1)

to minimize su}g) Elg(1 — )] over @ € O, (2)
ge

to maximize glrelg E[g¢] over @ € dp, (3)

to minimize 51612 Elg(1 — 9)] over @ € dp. (4)
9

These problems will be referred to as Problems 1, 2, 3, and 4, respectively.

It is convenient to consider all the problems as maximization problems, so we change
sign in Problems 2 and 4. Moreover, let us introduce the following unifying notation in
the table below:

TABLE 1. The definition of «;, G;, H;, F;

i=1 i=2 i=3 i=4
o o —B

Gi(g, ¢) Elgo] Elg(e —1)] |  Elge] Elg(e —1)]

Hi(h, @) Elho] Elhe] | E[h(e —1)] | E[h(e —1)]

Fi(g,h) || E[(g—h)T] | —E[gAh] E[gvh] |E[(g—h)"]
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The functions G; and H; are defined on L' x L>°, and F; are defined on L! x L' note,
however, that they are also well defined if g and h are nonnegative random variables and
@ € ®. Note also that differences between different F; are linear functionals:

(z—y)"=—@Ay+z=2Vvy—y=(—y) +(@@—y).

We can now rewrite the problems (1)—(4) in the form

to maximize inf G;(g, @) over @ € ®;:={@ € ®|sup Hi(h,9) <o;}, (5)
9c€g heH

i=1,2,3,4.

Theorem 1. Let G and H be nonempty subsets of ]Li_, «; > 0 in Problems 1 and 2 and
o; > —infpey E[h] in Problems 3 and 4. Then, for every i = 1,2,3,4, there exists a
randomized test © € ®; which attains the supremum in

;1= sup (inf Gi(g7(p)). (6)

v
peED; Y

Define also the dual minimization problem

i = ']f (F 7zh _|_o( ). 7
v (g,h)eco(gl)xco(}[)’z>0 1(9 ) i% ( )
1 hen Ui = ;.

It may happen that the minimization problem (7) has no solution. In Theorem 2 we
establish sufficient assumptions for the (extended) minimization problem

inf (Fi(g, zh) + ociz>. (8)
(g9,h)€co(G) xco(H), z>0

to have a solution with the same value.

(A): o > 0in Problems 1 and 2; «; > — infpey E[R] in Problems 3 and 4;
(H1): the family co(H) is bounded in P-probability;

(G1): the family G is bounded in L!;

(H2): the family #H is uniformly integrable;

(G2): the family G is uniformly integrable;

(GH): the family {g A h: g € co(G), h € co(H)} is uniformly integrable.

The uniform integrability of {g ANh:geg, he 7—[} is not sufficient for (GH).

Theorem 2. Let G and H be nonempty subsets of IL1+. Assume that there hold
(A), (H1), and (G2) in Problem 1;

(A), (H1), (G1), and (GH) in Problem 2;

(A), (G2), and (H2) in Problem 3;

(A), (G1), and (H2) in Problem 4.

Then, for every i =1,2,3,4, the infimum in (8) is attained and

Vi = __inf (Fi(g, zh) + Ociz) > —o0. (9)
(g9,h)€co(G) xco(H), z>0

For arbitrary ¢ € ®; and (g,h,z) € co(G) x co(H) x Ry the following are equivalent:
(i) @ is a solution to (5) and (g, h, z) is a solution to (8).

(i)

|1, if g> zh,
©= { 0. if g<zh, P-a.s., (10)
Hi(h,o)=0o; if z>0, (11)

Gi(g,0) <Gi(g', @) forall ¢ €g. (12)
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If E[h] is constant on H (in particular, if the family H consists of probability densities),
then Problem 1 coincides with Problem 3 and Problem 2 coincides with Problem 4
provided o« + 3 = E[h]. The dual problems (7) in the corresponding pairs also coincide.
However, the dual problems (8) are different for different ¢ in general. Thus we have a
possibility to choose the problem inside the corresponding pair such that requires weaker
assumptions in Theorem 2. Obviously, the assumptions corresponding to Problem 1
are weaker than those corresponding to Problem 3, and Problem 2 is preferable than
Problem 4. Similarly, if E[g] is constant on G (in particular, if the family G consists of
probability densities) then Problem 1 coincides with Problem 2 and Problem 3 coincides
with Problem 4. Assumptions of Theorem 2 are weaker in Problems 2 and 4 than in
Problems 1 and 3 respectively. Finally, if E[h] is constant on H and E[g] is constant on
G (in particular, if the families H and G consist of probability densities), Problems 1-4
coincide, and the existence of a solution to the dual problem (8) is proved under weaker
assumptions in Problem 2. This explains why the assumptions of Theorem 2 in the case
of Problem 2 coincide with the assumptions of Theorem 1.1 (ii) in [6].

3. PROOFS

Proof of Theorem 1. The proof is based on computations similar to those that were used
in the proof of the corresponding statement in [6, p. 116]. We introduce the functions
M; and N on the product X := L' x L' x R of Banach spaces by

Mi(gvha Z) = Fi(g,h)—kociz, N(g,h,z) = éco(g)(g) +6j(ha Z)v (13)

where J = {(zh,z) | h € co(H), z € R;} and & is the convex indicator function:
da(x) =0if x € Aand d4(x) = o0 if x ¢ A. M; and N are proper convex functions
and M; is finite and continuous everywhere. Hence, by the Fenchel-Rockafellar duality
theorem [18],

v; = inf Ml aha N 7h, =
vi= ot AMi(g,h,z) + Nlg, b, 2)}

= max M (=, -, —x) = N*({, b, )}, 14
(M, —, ) = N2, 6.2)) (149
where, as usual, “max” denotes a supremum which is attained, * means the Fenchel
conjugate defined on the dual space X* := L x L* x R, and the first equality is
immediate from definitions. Let (1, ¢, Z) be a triple that attains the maximum in (14).

Calculating M;" and N*, we get

M (p,d,z): = sup {E[gll) + h] + zz — M;(g, h,z)} =
(g,h,2)eEX
5 (W) + Oy} () + Sy} (), ifi=1,
_ ) do1() + 8 y_13(P) + Oy (2), ifi=2,
5 () + 51 (@) + Spap (@), iFi=3

Sp—1(P) + 8-y} (@) + Oy (@),  ifi=4,

N*(,d,2): = sup {E[gb +ho]+zz — N(g,h,2)} =
(9,h,2)€X
= Ssup E[glb] + 6{ sup E[hd)]g—x}(d)vx) =
g€eco(G) h€co(H)

= sup E[gW] + O(sup Efnp)<—2} (P, 7).
Y heH
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Thus, putting @ := ¢ + L1343 (7), we get
- Mz*(_l-l)v _d)v —.’E) - N*(Ib, d)a x) =
{ ;Ielg Gl(ga (P), ifr=—o, b= 1{2,4}(1) — @, ¢ €Dy

—00, otherwise.
Hence, ¢ := d~) + 143,43 (@) is a solution to the maximization problem (5) and v; = v;. 0O

Everywhere below in this section the assumptions of Theorem 1 are supposed to be
satisfied.

Lemma 1. A test @ € ®; is a solution to (5) if and only if there is a sequence
{(gnshn,2zn)} in co(G) x co(H) x Ry such that

g

There is a sequence {(gn, hn,zn)} in co(G) x co(H) x Ry satisfying (15) and such that
Zn =2, Gn— G, Zphn—f P-a.s., (16)
where z € [0,+00], g and f are random variables with values in [0, +o0].

Proof. The first claim follows directly from Theorem 1. Take any sequence {(g.,, h., 2!)}

n»n

in co(G) x co(H) x Ry satisfying (15). Using the standard techniques of passing to
forward-convex combinations based on [3, Lemma 9.8.1], one can construct a sequence

{(gm fna Zn)} SuCh that (gna fm Zn) S CO({(g;m Z;thm Z’:L)’ (g;H-l’ Z;z—&-lh;-i-lv Z;z-&-l): e }) for
every n and

Zn =2, gn—9, fan—f P-a.s.,
where z, g and f are as above. It is clear that f,, = z,h, for some h,, € co(H), while

lim sup{ F;(gn, fn) + &izn } < Um{F;(gl, zhL,) + ozl

by the convexity of F;. Hence, the sequence {(gn, hn,2,)} satisfies (15) as well by The-
orem 1. 0

Much of the subsequent arguments is based on the following two inequalities:

Fi(g,zh) + ¢z > Gi(g, @) + z{o; — Hi(h, ¢)} > inf Gi(g, @)- (17)
g

The second one is true if, at least, g € co(G), h € co(H), z > 0, and ¢ € ®;. The first
inequality is valid for integrable real variables g, h, real z, and @ € ® in view of the
identities
Fi(g,2h) = {Gi(g, @) — zHi(h, @)} = E[(g — zh)" (1 — @)] + E[(9 — 2h)"@].  (18)
Lemma 2. Assume (G1) if i =2 or i =4. Then
(i) v, € R;
(ii) given @ € ®; and a sequence {(gn, hn, 2n)} in co(G) x co(H) x Ry satisfying (16),
we have (15) if and only if
_J L ifg>
PTV0 ifg<t,
the sequence (gn — znhn) T (1 — @) + (gn — 2nhn)~ @ is uniformly integrable,
Zn (O(i - Hl(hna (p)) — 07

g€eg

P-a.s.,

Proof. (i) is trivial, and (ii) follows from relations (17) and (18) applied to gn, hn, 2n,
and @ after passing to the limit as n — oo. (Il
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Lemma 3. Assume (G1) if i = 2 ori = 4, and (A). If a sequence {(gn,hn,zn)} n
co(G) x co(H) x Ry satisfies (15) and (16), then z < +o0.

Proof. The proof is immediate in all four cases. For example, in Problem 4

Fi(gru Znhn) + oizn 2 ZnE[hn] - E[gn] + ®izZn 2 Zn (}12% E[h] =+ 0‘1’) - Su[g) E[Q])
ge

which shows that z, must be bounded to have a finite limit in (15). ]
Lemma 4. Assume (H1). If a sequence {(gn,hn,2n)} in co(G) x co(H) x Ry satisfies

(15) and (16), and z < 400, then f = zh, where a random variable h is in co(H) and
takes finite values.

Proof. Obviously, if z > 0, then h = f/z = lim, h,, P-a.s., in particular, h < +oo P-a.s.
in view of (H1). Let z = 0. Due to (H1), we have f = 0, and one may take any element
in co(H) as h. O

Proof of Theorem 2. Let @ € ®; be a solution to (5), g € co(G), h € co(H), z € Ry.
Then

in view of (G2) if i = 1 or ¢ = 3, and by Fatou’s lemma if ¢ = 2 or ¢ = 4. Similarly,
Hi(h, @) < (20)

by Fatou’s lemma if ¢ = 1 or ¢ = 2, and due to (H2) if i = 3 or ¢ = 4. In particular,
Gi(g, ) > —oo and H;(h, ¢) < +00. Hence, the middle term in (17) is well defined and
the second inequality in (17) is true. This also implies that F;(g, zh) > —oo and the first
inequality in (17) takes place. Thus, we have (9).

Next, using Lemma 1, take a sequence {(gn, hn, zn)} in co(G) x co(H) x Ry satisfying
(15) and (16), and let h be as in Lemma 4. Then it follows from (15) that

Fi(g, 2h) < v;. (21)
Indeed, if ¢ # 2, this is a consequence of Fatou’s lemma, and (GH) is used if i = 2.
Observe that, for ¢ = 1 or ¢ = 3, we have g < 400 P-a.s. because F(g,zh) = 400
otherwise. For i = 2 or i = 4, g is even integrable due to (G1). Hence g € co(G

Combining (17) and (21), we can conclude now that (g, b, z) attains the infimum in (8
It remains to observe that (i) takes place if and only if

o —

Fi(g,zh) + oz = inf G;(g, @).
IS4
In view of (17), (18), (19), and (20), the latter is equivalent to (ii). O
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ITIEPEBIPKA TIIIOTE3 AJIfA MIP I3 PISBHVUMHM MACAMMU: HOTHUPN
OIITUMI3AIIIMHI 3AJTAYI

0. 0. I'VIIIH, C. C. JIEIIEHKO

AnoTAalss. Mu po3risgaeMo 3a1a4dy, aHAJIOTIIHY IepeBipIi IBOX CKJIAJHUX rimoTes, fe MipH, sKi CKia-
[AIOTh rinmore3u, He € ¥MOoBipHicHEMHE Ta MOXKyTh MarH pisui macu. Toxgli TpUPOLHO PO3IIAHYTH YOTHPH
pi3Hi onTuMizariiiai 3aagi. Jlaa xapakTepusanil ONTHMAaJbHEX PO3B’SI3KiB MU BBOJUMO BiamoBimHi aBO-
icti onruMmizaniitai 3amavi. Hama rojioBaa MeTa — 3HAWTH JOCTATHI YMOBH iCHYBaHHS CilJIOBUX TOYOK ¥
KOXKHIill 3a1a4i.



