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IMPROVED LOCAL APPROXIMATION FOR MULTIDIMENSIONAL

DIFFUSIONS: THE G-RATES
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Abstract. In this article, we consider the problem of improving the local approximations for mul-
tidimensional diffusions. In particular, our proposed explicit approximation improves the Milshtein

approximation. We also provide a semi-explicit convergence rate estimate (we call it G-rate) for the

proposed local approximation. The main error term in the difference of densities is bounded by a
polynomial multiplied by a Gaussian density and the remainder is exponentially small as time goes to

zero.
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1. Introduction

The main aim of this paper is to provide small time approximations for a multidi-
mensional diffusion X, which is explicit and is an improvement of the Euler-Maruyama
approximation for X. We will control the accuracy of approximation by means of the
total variation distance.

To explain our setting, let X be the solution to the uniformly elliptic d-dimensional
SDE

dXx(t) = a(Xx(t)) dt + σ(Xx(t)) dW (t), Xx(0) = x. (1.1)

Here, W is an m-dimensional Brownian motion, a : Rd → Rd and σ : Rd → Rd×m are
given functions. For the above equation, we define the Euler-Maruyama approximation
to X as

X
x
(t) = x + a(x)t + σ(x)W (t). (1.2)

The standard weak and strong approximation rates for (1.2) in small time are known to
equal respectively 2 and 1 for sufficiently smooth coefficients a,σ; for a detailed discussion
and references on this subject, see [7]. That is, for any sufficiently smooth test function
f : Rd → R,

Ef(Xx(t))−Ef(X
x
(t)) = O(t2), t→ 0+, (1.3)

and for any p ≥ 1, (
E|Xx(t)−X

x
(t)|p

)1/p

= O(t), t→ 0 + . (1.4)

Many efforts have been devoted to the construction of improved approximation schemes
which would exhibit better rates (for example, see [9] and [10]). In this paper we will
refer to only one of them, the Milshtein scheme, which for the scalar case (i.e. d = 1) is
given by

X
x,2

(t) = x + a(x)t + σ(x)W (t) +
1

2
σ′(x)σ(x)(W 2(t)− t). (1.5)

This scheme has the strong rate 2 (i.e. O(t2) instead of O(t) in (1.4)) and is given by the
explicit formula (1.5). However, the Milshtein scheme is not explicit when extended to the
multidimensional case because it requires the computation of double iterated stochastic
integrals with respect to independent Brownian motions.
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In order to describe a restrictive multidimensional situation where the Milshtein ap-
proximation is still explicit, we introduce first

ρiuv(x) =

d∑
l=1

∂xl
σiu(x)σlv(x), i = 1, . . . , d, u, v = 1, . . . ,m

(∂xl
denotes the partial derivative w.r.t. xl) and define the Rd-valued process X

x,2

t as

X
x,2

(t) = x + a(x)t + σ(x)W (t) +
1

2

d∑
i=1

m∑
u,v=1

ρiuv(x)
(
Wu(t)Wv(t)− 1u=vt

)
ei, (1.6)

where ei, i = 1, . . . , d are the coordinate vectors in Rd.
It is known that, under the commutativity condition

ρiuv(x) = ρivu(x), i = 1, . . . , d, u, v = 1, . . . ,m, (1.7)

the Milshtein scheme (1.6) has the strong rate 2. This however is not true in general: if
(1.7) fails, then (1.6) has the strong rate 1, which is the same rate as the Euler-Maruyama
scheme (1.2).

The G-rates studied in the paper (see Definition 2.2 below) provide error bounds for
the approximation of the law of Xx(t) in a sense which is stronger than in the Total
Variation (TV) distance. Therefore, in particular, our results provide error bounds for
the approximation of Ef(Xx(t)) with measurable functions f of exponential growth at
infinity, which is a stronger statement than those provided by weak rates (1.3) and is
linked to strong rates (1.4) (see e.g. [2]). A good illustration of our main result is the
following:

Theorem 1.1. Let d = m, a ∈ C1
b (Rd,Rd), σ ∈ C2

b (Rd,Rd×d) and b = σσ∗ be uniformly

elliptic. Then the TV-distance between the laws of Xx(t) and X
x,2

(t) converges to zero
as O(t) when t→ 0+.

Let us stress that this theorem does not require the commutativity assumption (1.7).
It is not difficult to see (cf. Remark 3.1 below) that the G-rate for the Euler-Maruyama

approximation (1.2) is 1/2, hence Theorem 1.1 states that the scheme (1.6) improves the
G-rate by 1/2. Summarizing the above discussion, we conclude that (1.6) is an explicit
scheme, which improves the Euler-Maruyama scheme (1.2) when using the G-rate as a
measure of the error.

The scheme with such properties is not unique, and one of our main goals is to describe
an algorithm that derives many schemes of this type. The first step in order to obtain
such an algorithm is the improved approximation for the transition density of the process
X; see Theorem 3.1 below. Such an approximation is of a separate interest and has clear
applications. For example, in statistical procedures for diffusion processes (see e.g. [1])
or Monte Carlo simulations in the multi-dimensional case.

We remark that the expansions provided here are in essence different from the ones
in [3] where geometrical concepts together with implicit solutions of the Kolmogorov
equations are used in order to design theoretical expansions of densities. These ideas
have been extensively used in statistical applications such as [1]. Note that in Malliavin
calculus a theory of expansions is also available as in [14] and [15] with statistical ap-
plications provided in [16]. This theory seems difficult to apply in the present situation
given the limited regularity that we impose in our current setting.

The second main step consists in studying polynomial transformations of the Euler-
Maruyama scheme whose image measure may be asymptotically equal to the expansion
obtained in the first step in Theorem 3.1. This will require the use of Ramer’s theorem
in order to carry out the change of variables on Gaussian measures and the final result
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is Theorem 3.2. Finally, after obtaining the two expansions, we just need to match them
in order to obtain the improved approximation.

The structure of the rest of the paper is as follows. In Section 2 we introduce no-
tation and give necessary preliminaries. In Section 3, we state the main results of the
paper, Theorems 3.1 and 3.2. Section 4 and Section 5 contain the proofs of Theorem 3.1
and Theorem 3.2, respectively. Theorem 1.1 is proved at the end of Section 5. In the
Appendix, we provide a series of properties of Hermite polynomials and some additional
comments on the interpretation of the divergence operator within this approximation
problem.

This paper can be considered as a first step towards a larger subject which aims at
obtaining general explicit G-expansions (like the one proposed in Definition 2.2) of higher
order for the multi-dimensional densities of X and therefore high order approximations
which will improve the Euler-Maruyama scheme. These issues as well as numerical
implementations may be discussed in future research.

2. Notation and preliminaries

Notation: We will always work on the probability space (Ω,F ,P), on which all random
variables and processes that will appear from now on are well defined. Expectations will
be denoted by E.

Constants are usually denoted by C, c. As usual, they may change values from one
line to another.

Functions with the same arguments may be aggregated as e.g. σσ∗(x) = σ(x)σ∗(x).
The class of %-Hölder continuous functions is denoted by C%, the class of differentiable
functions with %-Hölder continuous derivatives is denoted by C1+%. The derivative of
function f(x), x ∈ Rd is denoted by ∇f(x). In the case of several space variables, we
denote by ∇1,∇2, . . . , the derivatives with respect to the first, second, . . . variables. The
derivative in time is denoted separately as ∂t. For example,

∇2ft(x, y) =

(
∂

∂y1
ft(x, y) . . . ,

∂

∂yd
ft(x, y)

)
, ∂tft(x, y) =

∂

∂t
ft(x, y).

We denote by Rd×d
sym the set of strictly positive definite matrices of order d × d. For

arbitrary vectors a, x, y ∈ Rd and b ∈ Rd×d
sym , we denote by

Φt(a,b;x, y) = (2πt)−d/2
(

det b
)−1/2

exp

(
− 1

2t

(
b−1(y − x− at), y − x− at

))
, (2.1)

the Hermite function of order zero with coefficients a ∈ Rd,b ∈ Rd×d
sym . This is clearly the

same as the multivariate density of a Brownian motion with drift a ∈ Rd and covariance
matrix b ∈ Rd×d

sym . The Hermite functions of higher orders are defined as follows: for any
vector of indexes (i1, . . . , in) ∈ {1, . . . , d}n,

Φ
(i1,...,in)
t (a,b;x, y) = ∂xi1

. . . ∂xin
Φt(a,b;x, y).

The corresponding Hermite polynomials are defined by

Φ
(i1,...,in)
t (a,b;x, y) = H

(i1,...,in)
t (a,b;x, y)Φt(a,b;x, y), (2.2)

the Hermite polynomial of order zero identically equals 1. More information about Her-
mite polynomials appears in Section A in the Appendix.

When the d× d-matrix b(x) = σσ(x)∗ is positively defined, the distribution density of
the Gaussian approximation (1.2) equals

pEM
t (x, y) = Φt(a(x), b(x);x, y). (2.3)
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With this observation in mind, we define the basic elements to be used in the further
approximations for the transition density pt(x, y) of the process X. For a parameter
ξ ∈ Rd define

Φt(ξ;x, y) := Φt(a(ξ), b(ξ);x, y), Φ
(i1,...,in)
t (ξ;x, y) := Φ

(i1,...,in)
t (a(ξ), b(ξ);x, y),

H
(i1,...,in)
t (ξ;x, y) := H

(i1,...,in)
t (a(ξ), b(ξ);x, y).

In the case ξ = x the above function corresponds to the density of the Euler–Maruyama
scheme and for this reason, we use the simplified notation:

Φt(x, y) := Φ(x;x, y), Φ
(i1,...,in)
t (x, y) := Φ

(i1,...,in)
t (x;x, y),

H
(i1,...,in)
t (x, y) = H

(i1,...,in)
t (x;x, y).

Therefore, in particular,

pEM
t (x, y) = Φt(x, y). (2.4)

Finally, we introduce two closely related notions about the rate at which time depen-
dent Gaussian type kernels and time dependent functions behave as t ↓ 0.

Definition 2.1. For a kernel Γt(x, y), its t-order (order in time) is the maximal p ∈ R
such that the following bound holds: for some1 c > 0, C <∞

|Γt(x, y)| ≤ Ctp−d/2 exp

(
−c |y − x|2

t

)
, t ∈ (0, t0], x, y ∈ Rd. (2.5)

For a function Ft(x, y) its t-order is the maximal p ∈ R such that, for arbitrary ε > 0,
there exists C = C(ε) <∞ such that

|Ft(x, y)| ≤ Ctp exp

(
ε
|y − x|2

t

)
, t ∈ (0, t0], x, y ∈ Rd. (2.6)

The slight abuse of terminology (the same name ‘t-order’ for two different notions)
will not cause misunderstanding since we will systematically use different notation for
kernels (capital Greek letters) and for functions (capital Roman letters). On the other
hand, this terminology is natural and convenient, e.g if Ft(x, y), Γt(x, y) have t-orders
p1, p2 then their product Ξt(x, y) = Ft(x, y)Γt(x, y) has the t-order p1 + p2. The same
observation applies to other combinations of products between functions and kernels.

In some cases, we will need to estimate the kernels/functions which depend on ad-
ditional parameters, such as ξ,a ∈ Rd,b ∈ Rd×d

sym in the notation above. We will say
that the kernel (resp. the function) has uniform t-order if (2.5) (resp. (2.6)) holds true
for all values of the parameters with the same constants c, C (resp. family of constants
C(ε), ε > 0). In particular, the following properties hold true for any bounded set A ⊂ Rd

and any compact subset B of the set of symmetric positively definite d× d matrices:

• Φt(a,b;x, y) and Φ
(i1,...,in)
t (a,b;x, y) have respectively t-orders 0 and −n/2 uni-

formly for a ∈ A,b ∈ B;

• H
(i1,...,in)
t (a,b;x, y) has t-order −n/2 uniformly for a ∈ A,b ∈ B.

These statements can be easily obtained from the definition of the Hermite functions and

polynomials together with the inequality |x|ke−ε|x|2 ≤ C valid for all x ∈ Rd with some
C = C(k, ε) <∞. The idea of applying this inequality as well as the above t-order results
are important in order to obtain many results in this work and will be used frequently
without further reference.

1 Constants will depend on the fixed value t0 ∈ (0, 1) (see Proposition 5.1 and the argument in
(5.13)).
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Clearly, knowing that kernel Γt(x, y) has t-order p yields the integral bound
∫

Rd

|Γt(x, y)|dy ≤ Ctp.

However, the latter bound is much weaker than the Gaussian type estimate from the
definition of the t-order. Below we will use these two types of estimates simultaneously
in quite a different manner: one (the ‘main’, ‘well structured’) part of an approximation
error will have a density of a given t-order, while the other (the ‘nuisance’, ‘microstruc-
tural’) part will decay much faster, but only in the TV sense. This motivates the following
definition.

Definition 2.2. A family X̃x(t), x ∈ Rd, t > 0 is said to approximate the law of the
solution to (1.1) with G-rate p if there exists a decomposition2

P(Xx(t) ∈ dy)−P(X̃x(t) ∈ dy) = tpΓt(x, y) dy + νx,t(dy) (2.7)

where tpΓt(x, y) has the t-order p and the signed measure νx,t is exponentially negligible
as t→ 0+ in the TV sense. That is, for some r > 0, c > 0, C <∞

|νx,t|(Rd) ≤ Ce−ct
−r

. (2.8)

It is a consequence of this definition that the TV distance between the laws of Xx(t) and

X̃x(t) converges to 0 as O(tp).

We use the following notation for space and space-time convolutions of functions
Γt(x, y),Λt(x, y)

(Γ ∗ Λ)t(x, y) =

∫

Rd

Γt(x, z)Λt(z, y)dz,

(Γ~ Λ)t(x, y) =

∫ t

0

∫

Rd

Γt−s(x, z)Λs(z, y)dzds. (2.9)

We also define the iterated convolutions as Γ~k(x, y) = Γ~Γ~(k−1)(x, y) with Γ~1(x, y) =
Γ(x, y).

3. Main statements

Our first main result provides an expansion of the error between the densities of X
and the Euler-Maruyama scheme.

Theorem 3.1. Assume the following:

• a ∈ C%, b ∈ C1+%, for some % ∈ (0, 1];
• a, b,∇b are bounded;
• b is uniformly elliptic.

Then the density of the law of Xx(t) exists and is denoted by pt(x, y). Furthermore, the
following expansion is satisfied:

pt(x, y) = Φt(x, y) + t2
d∑

i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y) + ∆t(x, y), (3.1)

where

cijk(x) =
1

4

d∑
l=1

bkl(x)∂xl
bij(x), i, j, k = 1, . . . , d, (3.2)

and the remainder kernel ∆t(x, y) has t-order 1/2 + %/2.

2 G stands for Gaussian.
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Theorem 3.1 provides an approximation to the transition density pt(x, y) by an explicit
function

p
(1)
t (x, y) = Φt(x, y) + t2

d∑
i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y)

with the accuracy t1/2+%/2 (in the t-order sense and thus in the TV-distance). Note that
the ratio

p
(1)
t (x, y)

pEM
t (x, y)

= 1 + t2
d∑

i,j,k=1

cijk(x)H
(i,j,k)
t (x, y)

is the sum of a Hermite polynomial of order zero with the mixture of Hermite polynomials

of order 3, and thus the approximation p
(1)
t (x, y) is not necessarily positive.

Our second main result allows us to decompose, in the same spirit as (3.1), the image

measure P(Ft(x,X
x
(t)) ∈ dy), where X

x
(t) is defined by (1.2), and the mapping Ft(x, ·) :

Rd → Rd is a function of the form

Ft(x, y) = y + Ut(x, y), (3.3)

where Ut(x, y) is the Rd-valued function defined through a given family of functions
{fijk; i, j, k = 1, ..., d} as

Ut(x, y) = t2
d∑

i,j,k=1

fijk(x)H
(j,k)
t (x, y)ei. (3.4)

Associated to the above function U , we define the corresponding scalar-valued func-
tion3 δUt (x, y) by

δUt (x, y) = t2
d∑

i,j,k=1

fijk(x)H
(i,j,k)
t (x, y). (3.5)

Theorem 3.2. Assume that b is uniformly elliptic. Let Ft(x, y) = y + Ut(x, y) and
assume that the functions fijk(x) in (3.4) are bounded. Then

P(Ft(x,X
x
(t)) ∈ dy) = Φt(x, y)dy + δUt (x, y)Φt(x, y) dy

+ Qt(x, y)Φt(x, y) dy + µx,t(dy),
(3.6)

where Qt(x, y) has t-order 1 and

|µx,t|(Rd) ≤ Ce−ct
−1/3

(3.7)

for some c > 0, C <∞.

We remark that the conditions on Theorem 3.2 are weaker than in Theorem 3.1.
Now, combining Theorem 3.1 with Theorem 3.2, we can solve the problem posed in the
Introduction. Namely, we are able to construct a family of approximations for Xx(t),

which will have a faster G-rate than the Euler-Maruyama scheme X
x
(t). This improved

approximation will be given by the explicit formula

X
x,U

(t) = X
x
(t) + Ut(x,X

x
(t)), (3.8)

where the (quadratic in y) function Ut(x, y) is given by (3.4) with the condition on the
coefficients fijk(x) which we will now introduce. Define

f sym
ijk (x) =

1

6

(
fijk(x) + fikj(x) + fjik(x) + fjki(x) + fkij(x) + fkji(x)

)
,

3 This notation is purposely similar to Skorohod integrals. For more on this, we refer the reader to
Section B in the Appendix.
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and

csym
ijk (x) =

1

6

(
cijk(x) + cikj(x) + cjik(x) + cjki(x) + ckij(x) + ckji(x)

)
=

=
1

3

(
cijk(x) + cikj(x) + cjki(x)

)
,

(3.9)

as the function symmetrization of the coefficients fijk(x) and cijk(x). The second identity
in (3.9) reflects the fact that the coefficients cijk(x) are already symmetric w.r.t. i, j, see
(3.2). The condition required for (3.8) to define an improved scheme is the following:

csym
ijk (x) = f sym

ijk (x), i, j, k = 1, . . . , d. (3.10)

That is, the symmetrization for the coefficients of the scheme (3.8) should coincide with
the one for the coefficients (3.2) which appear in the density expansion (3.1). The
following statement is a straightforward corollary of Theorems 3.1 and 3.2.

Corollary 3.1. Let conditions of Theorem 3.1 hold true and assume that the function
Ut(x, y), given by (3.4), has bounded coefficients fijk(x) such that (3.10) and (3.2) holds.

Then the family X
x,U

(t), x ∈ Rd, t > 0 approximates in law the solution to (1.1) with
the G-rate 1/2 + %/2.

Proof. Remark that the Hermite functions and polynomials are symmetric w.r.t. per-
mutations of their indices. Then, in the formulae (3.1) and (3.5), the coefficients cijk(x)
and fijk(x) can be changed to csym

ijk (x) and f sym
ijk (x) respectively. That is, (3.10) yields

δUt (x, y) = t2
d∑

i,j,k=1

cijk(x)H
(i,j,k)
t (x, y). (3.11)

Hence, noting (2.2) and combining (3.1) and (3.6), we obtain for X̃x(t) = X
x,U

(t),
that the representation (2.7) is satisfied with Γt(x, y) = ∆t(x, y) − Qt(x, y)Φt(x, y) and
νx,t(dy) = −µx,t(dy). �

The next corollary gives the weak error for small times.

Corollary 3.2. Assume the conditions of Corollary 3.1. Let f : Rd → R be a measurable
function which satisfies

|f(x)| ≤ AeB|x|.

Then there exist C > 0 and t0 > 0, dependent only on A,B and the coefficients of the
SDE (1.1) such that

|Ef(Xx(t))−Ef(X
x,U

(t))| ≤ CeB|x|t1/2+%/2, x ∈ Rd, t ∈ (0, t0).

Proof. Fix x ∈ Rd and decompose

f(y) = f(y)1|y−x|≤1 + f(y)1|y−x|>1 =: fx,1(y) + fx,2(y),

and estimate separately

∆f
x,t,1 := |Efx,1(Xx(t))−Efx,1(X

x,U
(t))|, ∆f

x,t,2 := |Efx,2(Xx(t))−Efx,2(X
x,U

(t))|.

It follows from Theorem 3.2 that the TV-distance between the law of X
x,U

(t) and the
law of Xx(t) is bounded by Ct1/2+%/2. Since

sup
y∈Rd

|fx,1(y)| ≤ AeBeB|x|,

this gives the bound

∆f
x,t,1 ≤ CeB|x|t1/2+%/2.
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To estimate ∆f
x,t,2, we simply write

∆f
x,t,2 ≤ |Efx,2(Xx(t))|+ |Efx,2(X

x,U
(t))| ≤

(
Ef(Xx(t))2

)1/2

P(|Xx(t)− x| > 1)1/2+

+
(
Ef(X

x,U
(t))2

)1/2

P(|Xx,U
(t)− x| > 1)1/2.

Recall that the coefficients a,σ of the SDE (1.1) and the functions fijk in the formula (3.4)
for Ut(x, y) are bounded, and b is elliptic. Then it is easy to show using the exponential
martingale inequality that

P(|Xx(t)− x| > 1) ≤ Ce−ct
−1

, P(|Xx,U
(t)− x| > 1) ≤ Ce−ct

−1

.

Furthermore, standard estimates for solutions of SDE’s and for the Brownian motion
yield

EeB|X
x(t)| ≤ CeB|x|, t ≤ 1, EeB|X

x,U
(t)| ≤ CeB|x|, t ≤ t0,

where t0 should be taken small enough in order to guarantee that

EeB|U(x,X
x
(t))| ≤ C.

Combining these estimates, we get

∆f
x,t,2 ≤ CeB|x|e−ct

−1

. �

Remark 3.1. Condition (3.10) is actually both necessary and sufficient for (3.11); for
more details see Section B below. That is, if (3.10) fails, the difference P(Xx(t) ∈
dy)−P(X

x,U
(t) ∈ dy) will contain a non-trivial termδUt (x, y)− t2

d∑
i,j,k=1

cijk(x)H
(i,j,k)
t (x, y)

Φt(x, y) dy

of t-order 1/2. This, in particular, means that the Euler-Maruyama approximation (1.2)
has the G-rate 1/2, unless

csym
ijk (x) = 0, i, j, k = 1, . . . , d.

It is clear that for coefficients {cijk}, we can choose {fijk} satisfying (3.10) in different
ways. Therefore the algorithm to derive many explicit approximation schemes with
improved G-rates is as follows. We first calculate the coefficients cijk(x) in the improved
approximation for the transition density of the process. Then we take any mapping of
the form (3.3), (3.4) with coefficients fijk(x) satisfying (3.10). Then the corresponding
approximation (3.8) has the (improved) G-rate 1.

In Section 6 we show that the second order approximation (1.6) is a particular rep-
resentative of the family of improved approximations (3.8) with the coefficients of the
function Ut(x, y) satisfying (3.10). This argument will complete the proof of Theorem 1.1.

4. Proof of Theorem 3.1

4.1. The parametrix expansion for pt(x, y). Outline of the proof. In this sec-
tion we briefly recall the classic parametrix method which provides a series expansion of
the transition density of a diffusion process based on a basic function. For a detailed
exposition we refer the reader to the classical monograph [6], Chapter 1.

Denote by L the following second order differential operator, defined on the space
C2

0 (Rd) of twice continuously differentiable functions which vanish at ∞ together with
their derivatives:

L =

d∑
i=1

ai(x)∂xi +
1

2

d∑
i,j=1

bij(x)∂2
xixj

.
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Clearly, by Itô’s formula L is a restriction to C2
0 (Rd) of the generator of the semigroup

generated by the Markov process X defined by the SDE (1.1). Under the assumptions
of Theorem 3.1, the transition density pt(x, y) associated to Xx(t) exists and it can be
represented as the sum of the following absolutely convergent series

pt(x, y) = Ξt(x, y) +

∞∑
k=1

(
Ξ~Υ~k

)
t
(x, y), (4.1)

where ~ is the space-time convolution defined in (2.9), with

Ξt(x, y) = Φt(y;x, y), (4.2)

and the auxiliary kernel Υt(x, y) is defined by

Υt(x, y) = −
(

∂

∂t
− Lx

)
Ξt(x, y). (4.3)

Here and below the notation Lx means that the derivatives in the differential operator
L are applied w.r.t. the variable x. In the present case, the expansion is obtained based
on the kernel function Ξt(x, y) in (4.2). Notably, this differs from the kernel function
used in [6], Chapter 1, where the drift term is neglected in the kernel function, but this
difference is just technical and the entire argument remains literally the same; see in
particular Section 4.2 below where the convergence of the series (4.1) is proved.

The series representation (4.1) is our starting point to obtain the expansion (3.1). Let
us outline the methodology.

First, we show that the sum of all the terms with k ≥ 2 (we call them ‘tail’ terms)
in (4.1) has t-order 1/2 + %/2 and thus can be considered as a residual term in the
representation (3.1). That is, the sum of several residual terms will constitute the ‘error’
kernel ∆t(x, y). This is one of the purposes of Step 1.

After this first ‘tail cut-off’ step, only two terms from the entire series (4.1) will
remain: the term Ξt(x, y) which has t-order 0 and the convolution term (Ξ ~ Υ)t(x, y).
These terms are not yet the ones we announced in (3.1). In particular, the zero-order
term in (3.1) is the density of the Euler-Maruyama scheme and equals Φ(x;x, y), while
the function Ξt(x, y) has the form Φ(y;x, y), which does not correspond to a density.
Furthermore, the convolution term has to be expanded in an explicit form. In the next
step of the proof we will expand the function Φ(y;x, y) around Φ(x;x, y); in other words,
this step consists of exchanging the value of σ(y) in Φ(y;x, y) into σ(x). The last step
is to perform the similar expansions for the terms involved into the convolution, and
to compute explicitly the principal part of the convolution. These two steps will also
produce residual terms that will be included into the ‘error’ kernel ∆t(x, y).

We recall the reader that through this section we assume the conditions on the func-
tions a and b as stated in Theorem 3.1.

4.2. Step 1: Convergence of (4.1) and the ‘tail cut-off’. The kernel Φt(ξ;x, y) is
a fundamental solution to the following version of the operator L with the coefficients
‘frozen’ at the point ξ:

Lξx =

d∑
i=1

ai(ξ)∂xi +
1

2

d∑
i,j=1

bij(ξ)∂2
xixj

.

Using these observations and the definition of the Hermite functions of t-order 1 and
2 we can write the function Υt(x, y) as

Υt(x, y) =

(
Lx −

∂

∂t

)
Φt(y;x, y) = (Lx − Ly

x)Φt(y;x, y) =
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=

d∑
i=1

(
ai(x)− ai(y)

)
Φ

(i)
t (y;x, y) +

1

2

d∑
i,j=1

(
bij(x)− bij(y)

)
Φ

(i,j)
t (y;x, y) =:

=: Υdrift
t (x, y) + Υdiffusion

t (x, y). (4.4)

Lemma 4.1. The kernels Υdrift
t (x, y) and Υdiffusion

t (x, y) have t-orders −1/2 + %/2 and
−1/2, respectively.

Proof. For given R > 0, define

AR = {a ∈ Rd : |a| ≤ R},

BR = {b ∈ Rd×d
sym : for all v ∈ Rd, R−1|v|2 ≤ (bv, v) ≤ R|v|2}.

Since the functions a and b are bounded and b is uniformly elliptic, we have that there
exists R > 0 large enough such that

a(ξ) ∈ AR, b(ξ) ∈ BR, ξ ∈ Rd.

The sets AR, BR are compact, thus the kernels Φ
(i)
t (a,b;x, y),Φ

(i,j)
t (a,b;x, y) have

uniform t-orders −1/2,−1 w.r.t. a ∈ AR,b ∈ BR; see Section 2. This yields that

Φ
(i)
t (y;x, y),Φ

(i,j)
t (y;x, y) have t-orders −1/2,−1.

On the other hand, the functions |ai(x)−ai(y)|, |bij(x)− bij(y)| are dominated by the
functions

F 1
t (x, y) = C|x− y|%, F 2

t (x, y) = C|x− y|
which have the orders %/2, 1/2. Recall that the product of a function and a kernel has as
order the sum of their orders, which yields that Υdrift

t (x, y) has t-order −1/2 + %/2 and
Υdiffusion

t (x, y) has t-order −1 + 1/2 = −1/2. �

The following statement is standard and general but for the sake of completeness we
provide its proof for the reader’s convenience.

Proposition 4.1. 1. Let Ξt(x, y),Θt(x, y) be kernels of t-orders p and r respec-
tively with p, r > −1. Then the convolution (Ξ ~ Θ)t(x, y) is well defined, and
has t-order p + r + 1.

2. Let Θt(x, y) be a kernel of t-order r > −1, then the series
∑∞

k=2 Θ~k
t (x, y) abso-

lutely converges and has t-order 2r + 1.

Proof. 1. The definition of t-order for kernel functions is equivalent to the following:
there exist positive constants C, c such that for (t, x, y) ∈ (0, t0)× Rd × Rd

|Γt(x, y)| ≤ Ctpϕct(x, y),

where

ϕt(x, y) = (2πt)−d/2e−
|y−x|2

2t

is the transition density of the Wiener process. Without loss of generality we can assume
that the constants c, C in this alternative definition for the kernels Ξt(x, y),Θt(x, y) are
the same. Then

|(Ξt−s ∗Θs)(x, y)| ≤ C2(t− s)psr(ϕc(t−s) ∗ϕcs)(x, y) = C2(t− s)psrϕct(x, y)

and thus

|(Ξ~Θ)t(x, y)| ≤ C2ϕct(x, y)

∫ t

0

(t− s)psr ds = C2tp+r+1ϕt(x, y)B(p + 1, r + 1)

where B(·, ·) denotes the Beta function.
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2. By the same reasoning, for any k ≥ 2∣∣(Θ~k
)
t
(x, y)

∣∣ ≤ Cktkr+k−1ϕt(x, y)

k−1∏
j=1

B(j(r + 1), r + 1) =

= ϕt(x, y)tkr+k−1 (CΓ(r + 1))
k

Γ(k(r + 1))
,

where Γ(·) denotes the Gamma function. Using the Stirling formula for the Gamma
function, we obtain that for any C ′ > 0

Γ(k(r + 1)) ≥ (C ′)k

for sufficiently large k. Hence, taking C ′ large enough, we conclude that the convolution
series absolutely converges, and∣∣∣∣∣

∞∑
k=2

(
Θ~k

)
t
(x, y)

∣∣∣∣∣ ≤ Ct2r+1ϕt(x, y). �

Now we can prove that the series (4.1) converges and realize the ‘tail cut off’ heuris-
tically explained in subsection 4.1. We know from Lemma 4.1 and (4.3) that the kernel
Υt(x, y) has the t-order −1/2 = min(−1/2+%/2,−1/2). Then by statement 2 of Proposi-

tion 4.1, the series
∑∞

k=2 Υ~k
t (x, y) absolutely converges and has t-order 0. Since Ξt(x, y)

has t-order 0 then using statement 1 of Proposition 4.1, the sum
∑∞

k=2

(
Ξ~Υ~k

)
t
(x, y)

has the t-order 1 (note that one has to use Fubini’s Theorem). Similarly, we observe that
the kernel (Ξ~Υdrift)t(x, y) has the t-order −1/2 + %/2 + 1 = 1/2 + %/2. Summarizing
all the above, we get the following:

pt(x, y) = Ξt(x, y) + (Ξ~Υdiffusion)t(x, y) + ∆1
t (x, y), (4.5)

where the kernel ∆1
t (x, y) has t-order 1/2 + %/2.

4.3. Step 2: The change of ‘freezing point’. In this step, we will expand the kernel
function Ξt(x, y) using the density of the Euler-Maruyama scheme.

Lemma 4.2. The following expansion formula holds true for a kernel ∆2
t (x, y) which

has t-order 1/2 + %/2:

Ξt(x, y) = Φt(x, y) +
t

2

d∑
i,j=1

(bij(y)− bij(x))Φ
(i,j)
t (x, y) + ∆2

t (x, y).

Proof. Recall that Ξt(x, y) = Φt(a(y), b(y);x, y), Φt(x, y) = Φt(a(x), b(x);x, y), thus

Ξt(x, y)− Φt(x, y) = Φt(a(y), b(y);x, y)− Φt(a(x), b(y);x, y) +

+ Φt(a(x), b(y);x, y)− Φt(a(x), b(x);x, y).

We have by (A.6) for any a,a′ ∈ Rd,b ∈ Rd×d
sym

Φt(a
′,b;x, y)− Φt(a,b;x, y) = t

d∑
i=1

(a′i − ai)Φ
(i)
t (a′′,b;x, y)

where a′′ is a convex combination of a,a′. Note that the sets AR, BR specified in the
proof of Lemma 4.1 are convex. Take a = a(x),a′ = a(y),b = b(y), then a,a′,a′′ ∈ AR,
b ∈ BR and the same argument as in the proof of Lemma 4.1 yields that the kernel

Φt(a(y), b(y);x, y)− Φt(a(x), b(y);x, y)

has t-order 1 + %/2 + (−1/2) = 1/2 + %/2.
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Next, using (A.7) and the 1st order Taylor formula, we get

Φt(a,b
′;x, y)− Φt(a,b;x, y) =

t

2

d∑
i,j=1

(b′ij − bij)Φ
(i,j)
t (a,b;x, y) +

+
t2

8

d∑
i,j,k,l=1

(b′ij − bij)(b
′
kl − bkl)Φ

(i,j,k,l)
t (a,b′′;x, y),

where b′′ is a convex combination of b,b′ ∈ Rd×d
sym . The kernel Φ

(i,j,k,l)
t (a,b;x, y) has

t-order −2 uniformly in a ∈ AR,b ∈ BR. Taking a = a(x),b = b(x),b′ = b(y) we get
a ∈ AR,b

′′ ∈ BR, hence

Φt(a(x), b(y);x, y)− Φt(a(x), b(x);x, y)− t

2

d∑
i,j=1

(bij(y)− bij(x))Φ
(i,j)
t (x, y)

has t-order

2 + 1/2 + 1/2 + (−2) = 1 ≥ 1/2 + %/2. �

Lemma 4.3. The following expansion formula holds true

t

2

d∑
i,j=1

(bij(y)− bij(x))Φ
(i,j)
t (x, y) = 2t2

d∑
i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y) +

+ t

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y) + ∆3

t (x, y), (4.6)

where the coefficients cijk(x) are defined by (3.2) and the kernel ∆3
t (x, y) has t-order

1/2 + %/2.

Proof. The proof here is similar and simpler than the one from the proof of Lemma 4.2,
thus we omit some details.

First, we apply the 1st order Taylor formula to the differences bij(y) − bij(x) on the
left hand side of (4.6) to obtain that

t

2

d∑
i,j=1

(bij(y)− bij(x))Φ
(i,j)
t (x, y)− t

2

d∑
i,j,l=1

∂xl
bij(x)(y − x)lΦ

(i,j)
t (x, y)

has t-order 1/2 + %/2. Note that here we have used the fact that ∇b ∈ C%.
Next, we replace in the second term of the above formula (y− x)l by (y− x− ta(x))l.

Note that the corresponding difference has the t-order 2 + 1 − 2 = 1 ≥ 1/2 + %/2. On
the other hand, by (A.5)

t

2

d∑
i,j,l=1

∂xl
bij(x)(y − x− ta(x))lΦ

(i,j)
t (x, y) =

t2

2

d∑
i,j,l,k=1

∂xl
bij(x)bkl(x)Φ

(i,j,k)
t (x, y) +

+
t

2

d∑
i,j,l=1

∂xl
bij(x)1j=lΦ

(i)
t (x, y) +

t

2

d∑
i,j,l=1

∂xl
bij(x)1i=lΦ

(j)
t (x, y) =

= 2t2
d∑

i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y) + t

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y).

Remark that in the last identity we have used symmetry of bij(x). This proves the
required statement. �
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Summarizing the above calculation, we conclude that the following expansion hold
true

Ξt(x, y) = Φt(x, y) + 2t2
d∑

i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y) + t

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y) + ∆4

t (x, y),

(4.7)
where the kernel ∆4

t (x, y) has t-order 1/2 + %/2.

4.4. Step 3: Expanding the convolution term. End of the proof. In this section,
we provide an expansion, similar to (4.7), for the convolution term (Ξ~Υdiffusion)t(x, y).
First, we expand each kernel under the convolution.

Let us start with Ξt(x, y). By (4.7), the difference Ξt(x, y)−Φt(x, y) has t-order 1/2.
Since Υdiffusion

t (x, y) has t-order −1/2, then by Proposition 4.1

(Ξ~Υdiffusion)t(x, y)− (Φ~Υdiffusion)t(x, y)

has t-order 1/2 + 1− 1/2 = 1 ≥ 1/2 + %/2.
Now, we continue with the expansion of Υdiffusion

t (x, y). Define the kernel

Λt(x, y) = −2t

d∑
i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y)−

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y).

We claim that Υdiffusion
t (x, y)− Λt(x, y) has t-order −1/2 + %/2. The proof of this claim

repeats arguments from the previous proofs (in particular, Lemmas 4.1, 4.2 and 4.3),
hence we omit the details and just outline the argument.

First, we change Φ
(i,j)
t (y;x, y) in the definition of Υdiffusion

t (x, y) to Φ
(i,j)
t (x, y). The

argument here is similar to Lemma 4.1 and is even simpler, since for both of the variables
a ∈ Rd and b ∈ Rd×d

sym we apply the 0-th order Taylor formula (also known as the mean
value theorem). The corresponding error will be of t-order

1/2 + min
(

1 + %/2− 3/2, 1 + 1/2− 4/2
)

= 0.

After this argument, Υdiffusion
t (x, y) can be approximated by

1

2

d∑
i,j=1

(bij(x)− bij(y))Φ
(i,j)
t (x, y),

which is just the left hand side of (4.6) divided by (−t). Applying Lemma 4.3 we complete
the proof of the claim. That is, Υdiffusion

t (x, y)− Λt(x, y) has t-order −1/2 + %/2.
Now, we apply Proposition 4.1 once again, in order to obtain that

(Φ~Υdiffusion)t(x, y)− (Φ~ Λ)t(x, y)

has t-order 1/2+%/2. That is, the convolution term (Ξ~Υdiffusion)t(x, y) can be replaced
by the (simpler) term (Φ~ Λ)t(x, y) with an error kernel of t-order 1/2 + %/2.

Next, we will consider the kernel (Φ~Λ)t(x, y) using the convolution property (A.9).
With that aim in mind, we perform further transformations of the kernel Λt(x, y). Denote

Λt(ξ;x, y) = −2t

d∑
i,j,k=1

cijk(ξ)Φ
(i,j,k)
t (ξ;x, y)−

d∑
i,j=1

∂ξj
bij(ξ)Φ

(i)
t (ξ;x, y),
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and observe that by (A.9) with a = a(x), b = b(x)

∫

Rd

Φt−s(x, z)Λs(x; z, y) dz = −2s

d∑
i,j,k=1

cijk(x)

∫

Rd

Φt−s(x, z)Φ(i,j,k)
s (x; z, y) dz −

−
d∑

i,j=1

∂xj bij(x)

∫

Rd

Φt−s(x, z)Φ
(i)
t (x; z, y) dz =

= −2s

d∑
i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y)−

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y).

Taking the integral in s we obtain

∫ t

0

∫

Rd

Φt−s(x, z)Λs(x; z, y) dzds = −t2
d∑

i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y)−

− t

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y).

On the other hand, the following bound is available: there exists a kernel Θt(x, y) of
t-order −1/2 such that

|Λt(ξ;x, y)− Λt(ξ
′;x, y)| ≤ |ξ− ξ′|%Θt(x, y).

The proof of this bound is analogous to the proofs of Lemmas 4.1 and 4.2 and therefore
details are omitted. Using this bound,∣∣∣∣(Φ~ Λ)t(x, y)−

∫ t

0

∫

Rd

Φt−s(x, z)Λs(x; z, y) dzds

∣∣∣∣ =

=

∣∣∣∣∫ t
0

∫

Rd

Φt−s(x, z)
(

Λs(z; z, y)− Λs(x; z, y)
)
dzds

∣∣∣∣ ≤
≤
∫ t

0

∫

Rd

Φt−s(x, z)|z − x|%Θs(z, y) dzds = (Γ~Θ)t(x, y),

where we denote by Γt(x, y) = |y − x|%Φt(x, y). Since the t-orders of the kernels
Γt(x, y),Θt(x, y) are %/2, −1/2, using Proposition 4.1 we conclude that the kernel

(Φ~ Λ)t(x, y)−
∫ t

0

∫

Rd

Φt−s(x, z)Λs(x; z, y) dzds

has t-order %/2− 1/2 + 1 = 1/2 + %/2. Summarizing the above calculation, we conclude
that

(Ξ~Υdiffusion)t(x, y) = −t2
d∑

i,j,k=1

cijk(x)Φ
(i,j,k)
t (x, y)−

− t

d∑
i,j=1

∂xj
bij(x)Φ

(i)
t (x, y) + ∆5

t (x, y),

(4.8)

where the kernel ∆5
t (x, y) has t-order 1/2 + %/2.

Now the statement of the theorem is obtained as a straightforward combination of
(4.5), (4.7), and (4.8). �

5. Proof of Theorem 3.2

Before giving the proof, we give a brief introduction to the Ramer change of variables
formula in a simple finite dimensional setting.
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5.1. Change of variables for a Gaussian measure. Let P (dy) be a Gaussian mea-
sure on Rd with mean vector a ∈ Rd and strictly positive definite covariance matrix
b ∈ Rd×d. Then for a C1-mapping F : Rd → Rd for any bounded measurable functions
g, h : Rd → R+ with compact support, we have

∫

Rd

g(F (y))h(y)JF,P (y)P (dy) =

∫

Rd

g(y)

 ∑
z:F (z)=y

h(z)

P (dy), (5.1)

where the above sum is well defined if one assumes that ∇F exists (the index set is in
fact a finite set P -a.e.) and

JF,P (y) = |det(∇F (y))| exp

{
−
(
b−1(y − a), U(y)

)
− 1

2

(
b−1U(y), U(y)

)}
, (5.2)

U(y) := F (y)− y.

This is actually the classical Jacobi formula4 combined with an elementary calculation
which involves the Gaussian distribution density of P ∼ N (a,b); we refer to (1.1) and
(1.2) in [13] for the case of canonical Gaussian measure, the general case is completely
analogous. We will use an alternative formula for (5.2), which dates back to Ramer [11],
see [13, Section III] for an excellent overview of the history of the subject.

To introduce Ramer’s formula, we first recall the definition of the Carleman-Fredholm
determinant of a mapping I + A which is denoted by det2(I + A) and defined as

det2(I + A) = det(I + A) exp(− traceA).

Ramer’s formula has a modern expression using stochastic integrals and Girsanov
change of measure. To introduce this formula, we define the divergence operator, or the
Skorokhod integral5 of U denoted by δPU as

[δPU ](y) =
(
b−1(y − a), U(y)

)
− trace∇U(y). (5.3)

Then (5.2) can be re-written as follows:

JF,P (y) = |det2(Id +∇U(y))| exp

{
−[δPU ](y)− 1

2

(
b−1U(y), U(y)

)}
. (5.4)

Here Id denotes the identity matrix of order d × d. Formula (5.4) is commonly used
in the Gaussian infinite-dimensional version of (5.1) instead of (5.2) because det2(I +A)
is well defined for Hilbert-Schmidt mappings A, while det(I + A) requires A to be from
the trace class.

In our finite-dimensional setting this difference is not so crucial, however, using (5.4)
instead of (5.2) will simplify the calculations significantly.

Formula (5.1) leads to the following: let a measurable set A ⊂ Rd be such that ∇F (y)
is non-degenerate for P -a.e. for y ∈ A. Then the image measure of the restriction
P |A(·) = P (· ∩A) under F has the density w.r.t. P equal

ρFA(y) =
∑

z∈A:F (z)=y

[
JF,P (z)

]−1

. (5.5)

Here, the index set {z ∈ A : F (z) = y} has at most an infinite countable number of
elements and the above sum is well defined P -a.e. for y ∈ F (A).

One easily gets (5.5) from (5.1) by monotone approximation of

h(y) =
[
JF,P (y)

]−1

1A(y)

4 Also linked to the simpler change of variables formula for multivariate integrals and many Sard’s

type theorems.
5 One can prove that δPU corresponds to the adjoint operator to ∇ in the L2(Rd, P ) sense.
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using bounded measurable functions.

5.2. Outline of the proof for Theorem 3.2. Rather than giving the proof directly,
we first give an outline of the proof to guide the reader.

The goal is to compute an expansion of the image measure

PF
x,t(dy) := P

(
Ft(x,X

x
(t)) ∈ dy

)
. (5.6)

To achieve this goal, we will apply (5.5) for F (·) ≡ Fx,t(·) := Ft(x, ·) (i.e. (t, x) is

considered as a fixed parameter) and P given by the law of X
x
(t) which is the Gaussian

distribution N (x + ta(x), tb(x)). The set A will be chosen in a way so as to avoid the
technical difficulty caused by the equation

Ft(x, z) = y, (5.7)

which, in general, is not easy to solve for all y ∈ Rd 6 .
That is, we will consider a local problem on the set A = Bx,t,1, where we use the

following parametrized set

Bx,t,R = {y : |y − x− ta(x)| ≤ Rt1/3}, R > 0.

The choice of the factor t1/3 in the definition of Bx,t,R is intrinsic, and will become
clear later; see Remark 5.1. In Section 5.3, below we prove the following result which
states the existence of unique solutions for (5.7) locally.

Proposition 5.1. There exists t0 > 0 such that for t ≤ t0 the following properties hold:

(i) det(∇2Ft(x, y)) 6= 0 for any y ∈ Bx,t,2.
(ii) For any r > 0, the image of Bx,t,r under Ft(x, ·) is contained in Bx,t,2r.

(iii) For any y ∈ Bx,t,2 there exists a unique solution z ∈ Bx,t,4 to (5.7) which
we denote as z = Gt(x, y) for Gt(x, ·) : Bx,t,2 → Bx,t,4 which satisfies that

|Gt(x, y)− y| < 2−1t1/3 for y ∈ Bx,t,2.

With the above result, we decompose the image measure as follows:

PF
x,t(dy) := P

(
Ft(x,X

x
(t)) ∈ dy, X

x
(t) ∈ Bx,t,1

)
+

+ P
(
Ft(x,X

x
(t)) ∈ dy, X

x
(t) 6∈ Bx,t,1

)
=: PF,loc

x,t (dy) + PF,tail
x,t (dy).

As we assume that b is uniformly elliptic, the ‘tail’ part of this decomposition is expo-
nentially negligible which is part of the statement in (3.7). That is, there exists positive
constants C0, C and c such that :

PF,tail
x,t (Rd) = P(X

x
(t) 6∈ Bx,t,1) ≤ P(|W (t)| > C0t

1/3) ≤ Ce−ct
−1/3

. (5.8)

For the ‘local’ part, the formula for the density is available following Section 5.1.
Namely, using Proposition 5.1 (ii) with r = 1 and (iii), we obtain that the support of the

measure PF,loc
x,t is a subset of Bx,t,2, and on this set the unique solution to (5.7) in Bx,t,4

is z = Gt(x, y). Thus, by (5.5) with A = Bx,t,1

ρFx,t(y) :=
PF
x,t(dy)

Px,t(dy)
= 1Bx,t,2(y)

[
JFx,t,Px,t

(
Gt(x, y)

)]−1

1Bx,t,1

(
Gt(x, y)

)
.

Define Cx,t = {y : Gt(x, y) ∈ Bx,t,1}, then by Proposition 5.1 (ii) with r = 1,
Cx,t ⊂ Bx,t,2. This gives finally the formula for the density of the ‘local part’:

ρFx,t(y) =
[
JFx,t,Px,t

(
Gt(x, y)

)]−1

1Cx,t
(y). (5.9)

In Section 5.4 below, we will prove the following result.

6 To see this, it is enough to consider the quadratic function Ft(x, ·) : Rd → Rd given by (3.3) and
(3.4).
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Proposition 5.2. The function

Qt(x, y) =

{[
JFx,t,Px,t

(
Gt(x, y)

)]−1

− 1− δUt (x, y)

}
1Cx,t

(y) (5.10)

has t-order 1.

The rest of the proof for Theorem 3.2 is obtained as follows. We have (recall (3.5))

PF
x,t(dy) = ρFx,t(y)Φt(x, y) dy + PF,tail

x,t (dy) =

=
[
JFx,t,Px,t

(
Gt(x, y)

)]−1

1Cx,t
(y)Φt(x, y) dy + PF,tail

x,t (dy) =

=
(

1 + δUt (x, y) + Qt(x, y)
)

1Cx,t
(y)Φt(x, y) dy + PF,tail

x,t (dy) =

=
(

1 + δUt (x, y) + Qt(x, y)
)

Φt(x, y) dy + µx,t(dy),

with

µx,t(dy) = PF,tail
t (x, dy)−

(
1 + δUt (x, y)

)
Φt(x, y)1Rd\Cx,t

(y) dy,

which is actually the decomposition (3.6).

The first term, PF,tail
t (x, dy) in µx,t(dy) has already been proven to be exponentially

negligible in (5.8). To handle the second part, we note that by Proposition 5.1 (iii)
and the triangular inequality it follows that Cx,t ⊃ Bx,t,1/2. Since 1 and δUt (x, y) are
functions with t-orders 0 and 1/2 respectively, this yields
∫

Rd\Cx,t

∣∣∣1 + δUt (x, y)
∣∣∣Φt(x, y) dy ≤

≤ Ct−d/2
∫

|y−x−ta(x)|≥t1/3/2

exp

(
−c |y − x|2

t

)
dy ≤ Ce−ct

−1/3

,

which completes the proof of (3.7).
The plan of the rest of Section 5 is the following. In Section 5.3 we study the properties

of the inverse function Gt(x, ·). In Section 5.4 we prove Proposition 5.2, which completes
the proof of Theorem 3.2.

5.3. The inverse function Gt(x, ·): construction and approximation. Proof of
Proposition 5.1. Using (3.4) and the explicit formulas for the derivatives of Hermite
polynomials (see formulas after (A.1) and before (A.3)), we have

Ut(x, y) =

d∑
i,j,k=1

fijk(x)
((

b(x)−1(y−x−a(x)t)
)
j

(
b(x)−1(y−x−a(x)t)

)
k
− tb(x)−1

jk

)
ei,

(5.11)

∇2

(
Ut(x, y)

)
=

d∑
i,j,k,l=1

fijk(x)
[(

b(x)−1(y − x− a(x)t)
)
j
b(x)−1

kl +

+
(
b(x)−1(y − x− a(x)t)

)
k
b(x)−1

jl

]
ei ⊗ el. (5.12)

Then for any r > 0 there exists C = C(r) such that for t0 ≤ 1

|Ut(x, y)| ≤ Ct2/3, |∇2Ut(x, y)| ≤ Ct1/3, y ∈ Bx,t,r, t ≤ t0. (5.13)

The first inequality in (5.13) can be rewritten using (3.3) as |Ft(x, y) − y| ≤ Ct2/3 for
y ∈ Bx,t,r and therefore by triangular inequality there exists c > 0 such that

Ft(x, y) ∈ Bx,t,r+ct1/3 , y ∈ Bx,t,r,
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which proves statement (ii). The second inequality in (5.13) shows that, for t0 small
enough, ∇2Ft(x, y) is a small perturbation of identity for y ∈ Bx,t,2, which proves state-
ment (i).

Finally, we prove (iii). Note that the second inequality in (5.13) with t0 small enough
implies that Ut(x, ·) is a 1/2-contraction on Bx,t,4. Thus the standard argument based
on the Banach fixed point theorem can be used to solve the equation y − Ut(x, z) = z
(which is equivalent to (5.7)) for y ∈ Bx,t,2.

In order to describe the method in detail, define iteratively

G0
t (x, y) = y,

. . .

Gk
t (x, y) = y − Ut

(
x,Gk−1

t (x, y)
)
,

. . .

(5.14)

Note that if we choose t < 1 small enough so that Ct1/3 < 2−2 where C is the constant
in (5.13), then

|G1
t (x, y)−G0

t (x, y)| = |Ut(x, y)| ≤ Ct2/3 < 2−2t1/3, y ∈ Bx,t,2.

Then one shows by induction that for any y ∈ Bx,t,4 and k ≥ 0

|Gk+1
t (x, y)−Gk

t (x, y)| ≤ 2−k|G1
t (x, y)−G0

t (x, y)| ≤ 2−k−2t1/3. (5.15)

Using telescopic sums, one also obtains that Gk+1
t (x, y) ∈ Bx,t,4 for any y ∈ Bx,t,4 and

k ≥ 0. Then the function

Gt(x, y) = lim
k→∞

Gk
t (x, y), y ∈ Bx,t,2,

is well defined and takes values in Bx,t,4. Moreover, z = Gt(x, y) is the unique solution
to the equation (5.7) in the set Bx,t,4. This completes the entire proof. �

The construction of the function Gt(x, ·) yields the following bound.

Corollary 5.1. There exists a function Rt(x, y), (t, x, y) ∈ (0, t0)× Rd × Rd of t-order
1 such that it verifies

|Gt(x, y)− y| = Rt(x, y), y ∈ Bx,t,2. (5.16)

Proof. The estimates in (5.15) yield for any y ∈ Bx,t,2

|Gt(x, y)−G0
t (x, y)| ≤

∞∑
k=0

|Gk+1
t (x, y)−Gk

t (x, y)| ≤ 2−1|G1
t (x, y)−G0

t (x, y)|.

Recall that G0
t (x, y) = y, G1

t (x, y) = y − Ut(x, y). Since |Ut(x, y)| has t-order 1, this
completes the proof if one defines Rt(x, y) = 0 for y /∈ Bx,t,2. �

Note that in the above proof we have first defined the function Rt(x, y) for y ∈ Bx,t,2

and then later extended it to the whole space in order to prove that it is a function of
t-order 1. This argument will be used repeatedly without further explanation.

5.4. Proof of Proposition 5.2. The proof follows by applying an expansion technique

to the function
[
JFx,t,Px,t

(
Gt(x, y)

)]−1

. That is, using (5.4), (5.11), (5.12) and (A.2),

we have for y ∈ Cx,t,[
JFx,t,Px,t

(
Gt(x, y)

)]−1

=
[

det2

(
Id +∇2Ut

(
x,Gt(x, y)

))]−1

×

× exp

[
δUt

(
x,Gt(x, y)

)
+

1

2t

(
b−1(x)Ut

(
x,Gt(x, y)

)
, U
(
x,Gt(x, y)

))]
.

(5.17)
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We will expand the functions [det2(Id + ·)]−1, exp[·] in this expression around the point
(0, 0) ∈ Rd×d × R using the Taylor expansion formula. For that, we first analyze the
terms inside these functions, giving two types of bounds: (i) t-order; (ii) uniform for
y ∈ Cx,t. The latter one is needed because we would like to apply the Taylor formula in
a bounded domain.

Lemma 5.1. There exists a function Q1
t (x, y), (t, x, y) ∈ (0, t0)×Rd×Rd of t-order 1/2

such that ∣∣∣∇2Ut

(
x,Gt(x, y)

)∣∣∣ = Q1
t (x, y), y ∈ Cx,t. (5.18)

In addition, ∣∣∣∇2Ut

(
x,Gt(x, y)

)∣∣∣ ≤ Ct1/3, y ∈ Cx,t. (5.19)

Proof. Recall that ∇2Ut(x, ·) is a linear function, see (5.12). Then∣∣∣∇2Ut

(
x,Gt(x, y)

)∣∣∣ ≤ |∇2Ut(x, y)|+ C|Gt(x, y)− y|.

By Corollary 5.1, the second term is dominated on Cx,t by a function with t-order 1.
The first term |∇2Ut(x, y)| itself has t-order 1/2. This proves the first statement.

To prove the second statement we recall that Gt(x, y) ∈ Bx,t,1 for y ∈ Cx,y. In addi-

tion, it follows directly from the formula (5.12) that |∇2Ut(x, z)| ≤ Ct1/3 for z ∈ Bx,t,1.
This completes the proof. �

Lemma 5.2. There exists a function Q2
t (x, y) of t-order 1 such that

δUt

(
x,Gt(x, y)

)
+

1

2t

(
b−1(x)Ut

(
x,Gt(x, y)

)
, Ut

(
x,Gt(x, y)

))
=

= δUt (x, y) + Q2
t (x, y), y ∈ Cx,t. (5.20)

In addition,∣∣∣∣δUt (x,Gt(x, y)
)

+
1

2t

(
b−1(x)Ut

(
x,Gt(x, y)

)
, Ut

(
x,Gt(x, y)

))∣∣∣∣ ≤ C, y ∈ Cx,t.

(5.21)

Proof. By the explicit expression (3.5), the function δUt (x,Gt(x, y)) is a 3rd order poly-
nomial in the variable y. Since Gt(x, y) − x − a(x)t = (Gt(x, y) − y) + (y − x − a(x)t),
this yields∣∣∣δUt (x,Gt(x, y)

)
− δUt (x, y)

∣∣∣ ≤ C

3∑
r=1

|y − x− a(x)t|3−rt−1|Gt(x, y)− y|r =

= C

3∑
r=1

|y − x− a(x)t|3−rt−1|Rt(x, y)|r, y ∈ Cx,t.

Note that in the last line we have used Corollary 5.1. The function on the right hand
side has t-order

min
(

0 + 1,−1/2 + 2,−1 + 3
)

= 1.

Similarly, the map

y 7→ 1

2t

(
b−1(x)Ut(x, y), Ut(x, y)

)
is a 4th order polynomial which has t-order 1, and∣∣∣∣ 1

2t

(
b−1(x)Ut

(
x,Gt(x, y)

)
, U
(
x,Gt(x, y)

))
− 1

2t

(
b−1(x)Ut(x, y), Ut(x, y)

)∣∣∣∣
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can be bounded on Cx,t by a function which has t-order

min
(

1/2 + 1, 0 + 2,−1/2 + 3,−1 + 4
)

= 3/2.

Collecting these bounds together, we get (5.20).
To get the second statement, (5.21), we use again that Gt(x, y) ∈ Bx,t,1 if y ∈ Cx,t.

Using the explicit formulae for the Hermite polynomials (see Section A), for z ∈ Bx,t,1

one obtains estimates which can be applied to (3.4), (3.5) as follows

|H(i,j)
t (x, z)| ≤ C

(t1/3)2

t2
+ C

1

t
≤ Ct2/3−2,

|H(i,j,k)
t (x, z)| ≤ C

(t1/3)3

t3
+ C

(t1/3)

t2
≤ Ct−2,

0 ≤ 1

2t

(
b−1(x)Ut(x, z), Ut(x, z)

)
≤ Ct−1

(
t2t2/3−2

)2

= Ct1/3,

|δUt (x, z)| ≤ Ct2t−2 = C, (5.22)

which completes the proof of the second statement if we use the above bounds for
z = Gt(x, y). �

Remark 5.1. Note that the bound in (5.22) is the essential estimate which requires the
factor t1/3 in the definition of Cx,t. In turn, the estimate (5.22) is required to get the
uniform bound (5.21), which is needed since we will apply the Taylor expansion in a
bounded domain.

Now it is easy to complete the proof of Proposition 5.2. The Taylor formulae for the
functions

det2(Id + A) = det(Id + A) exp(− traceA), A ∈ Rd×d, exp(w), w ∈ R,

yield that, for r0 > 0 small enough and arbitrary R > 0,∣∣∣[det2(Id + A)]−1 exp(w)− 1− w
∣∣∣ ≤ C(|A|2 + w2), |A| ≤ r0, |w| ≤ R.

We apply the above expansion for A = ∇2Ut(x,Gt(x, y)) and w given by the left hand
side of (5.20). Then, by Lemmas 5.1 and 5.2, for t0 small enough we have for t ≤ t0,
y ∈ Cx,t [

JFx,t,Px,t

(
Gt(x, y)

)]−1

= 1 + δUt (x, y) + Q2
t (x, y) + Q3

t (x, y)

with

|Q3
t (x, y)| ≤ C

[(
Q1

t (x, y)
)2

+
(
δUt (x, y) + Q2

t (x, y)
)2]

.

Since Q1
t (x, y), δUt (x, y), Q2

t (x, y) have t-orders 1/2, 1/2, 1 respectively, function Q3
t (x, y)

has t-order 1. Now we have (5.10) with

Qt(x, y) =
[
Q2

t (x, y) + Q3
t (x, y)

]
1Cx,t

(y),

which has t-order 1. �

6. Proof of Theorem 1.1

We consider the second order scheme (1.6). The process X
x,2

(t) can be written as

X
x,2

i (t) = X
x

i (t) +
1

2

m∑
u,v=1

ρiuv(x)t2H(u,v)
t (W (t))ei.
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Recall that m = d and write (A.1) in the form

H(j1,...,jn)
t (w) =

d∑
i1,...,in=1

σ∗j1i1 . . .σ
∗
jninH

(i1,...,in)
t (a,b, x, y) =

=

d∑
i1,...,in=1

σi1j1 . . .σinjnH
(i1,...,in)
t (a,b, x, y), w = σ−1(y − x− ta).

Note that b(x) = σσ∗(x) and

W (t) = σ−1(x)(X
x
(t)− x− ta(x)).

Hence the above formula gives

H(u,v)
t (W (t)) =

d∑
j,k=1

σju(x)σkv(x)H
(j,k)
t (x,X

x
(t)).

That is, the process X
x,2

(t) can be written in the form (3.8), where the function Ut(x, y)
has representation (3.4) with

fijk(x) =
1

2

d∑
u,v=1

ρiuv(x)σjuσkv(x) =
1

2

d∑
u,v,l=1

∂xl
σiuσlvσjuσkv(x) =

=
1

2

d∑
u,l=1

∂xl
σiuσjubkl(x).

Then

f sym
ijk (x) =

1

12

d∑
u,l=1

(
∂xl
σiuσjubkl + ∂xl

σiuσkubjl + ∂xl
σjuσiubkl +

+ ∂xl
σjuσku(x)bil + ∂xl

σkuσiubjl + ∂xl
σkuσjubil

)
(x).

On the other hand, the coefficients cijk(x) are symmetric w.r.t. i, j and thus, taking into
account that b = σσ∗, we get

csym
ijk (x) =

1

3

(
cijk + cikj + cjki

)
(x) =

1

12

d∑
l=1

(
bkl∂xl

bij + bil∂xl
bjk + bjl∂xl

bik

)
(x) =

=
1

12

d∑
u,l=1

(
bkl
(
∂xl
σiuσju + ∂xl

σjuσiu
)

+ bil(x)
(
∂xl
σjuσku + ∂xl

σkuσju
)
+

+ bjl
(
∂xl
σiuσku + ∂xl

σkuσiu
))

(x) =

=
1

12

d∑
u,l=1

(
∂xl
σiuσjubkl + ∂xl

σjuσiubkl + ∂xl
σjuσku(x)bil + ∂xl

σkuσju(x)bil +

+ ∂xl
σiuσku(x)bjl + ∂xl

σkuσiu(x)bjl

)
(x) = f sym

ijk (x),

and (3.10) is satisfied. Under the conditions of Theorem 3.1 the coefficients fijk(x) are
bounded, thus Corollary 3.1 can be applied, which completes the proof of the claim. �

Appendix A. Hermite functions and polynomials

In this section, we gather a series of identities and properties of general Hermite func-
tions and polynomials as introduced in Section 2. These functions/polynomials are not
usually used in such generality in the literature, which typically focuses on standardized
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Gaussian measures N (0, IdRd) or N (0, tIdRd); thus their properties can be hardly found
explicitly written7

To provide a comprehensive discussion, in addition to the Hermite functions intro-
duced in Section 2, we will also consider their standardized analogues

ϕt(0, w) = (2πt)−d/2 exp

(
− 1

2t
|w|2

)
,

ϕ
(i1,...,in)
t (0, w) = (−1)n∂wi1

. . . ∂win
ϕt(0, w), w ∈ Rd,

and corresponding Hermite polynomials defined by

ϕ
(i1,...,in)
t (0, w) = H(i1,...,in)

t (w)ϕt(0, w).

Note that the Hermite functions/polynomials introduced in Section 2 reduce to the
above in the particular case that a = 0 and b = Id. Furthermore, let a ∈ Rd,b ∈ Rd×d

sym

be given. As b is assumed to be a strictly positive definite matrix then there exists a d×d
matrix σ such that b = σσ∗. From now on, σ is considered to be fixed and it is invertible
since b ∈ Rd×d

sym . It follows simply by the definition that if we let w = σ−1(y − x − ta)
then

Φt(a,b;x, y) = |detσ|−1ϕt(0, w).

Thus by the chain rule we have the following relation:

H
(i1,...,in)
t (a,b;x, y) =

d∑
j1,...,jn=1

H(j1,...,jn)
t (w)(σ−1)j1i1 . . . (σ

−1)jnin =

=

d∑
j1,...,jn=1

((σ∗)−1)i1j1 . . . ((σ
∗)−1)injnH

(j1,...,jn)
t (w).

(A.1)

Therefore the above formulas show that any property on the standardized Hermite
polynomials H can be transferred to the general Hermite polynomials H.

For example,

H(i)
t (w) =

1

t
wi, H

(i)
t (a,b;x, y) =

1

t

(
b−1(y − x− at)

)
i
,

the second identity can be either derived directly or obtained from the first one using
(A.1) and the fact that b−1 = (σ∗)−1σ−1. Similarly,

H(i,j)
t (w) =

1

t2
wiwj −

1

t
1i=j ,

H
(i,j)
t (a,b;x, y) =

1

t2

(
b−1(y − x− at)

)
i

(
b−1(y − x− at)

)
j
− 1

t
b−1
ij

and

H(i,j,k)
t (w) =

1

t3
wiwjwk −

1

t2
wi1j=k −

1

t2
wj1i=k −

1

t2
wk1i=j ,

H
(i,j,k)
t (a,b;x, y) =

1

t3

(
b−1(y − x− at)

)
i

(
b−1(y − x− at)

)
j

(
b−1(y − x− at)

)
k
−

− 1

t2
b−1
ij

(
b−1(y − x− at)

)
k
− 1

t2
b−1
ik

(
b−1(y − x− at)

)
j
−

− 1

t2
b−1
jk

(
b−1(y − x− at)

)
i
.

7 For an exception using tensorial notation, see Section 5.7 in [4].
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Next, we have the identities

H
(i1,...,im−1,i,im+1,...,in)
t (a,b;x, y) =

=
1

t

[
b−1(y − x− ta)

]
i
H

(i1,...,im−1,im+1,...,in)
t (a,b;x, y)−

− ∂yi
H

(i1,...,im−1,im+1,...,in)
t (a,b;x, y),

(A.2)

∂yi
H

(i1,...,in)
t (a,b;x, y) =

1

t

n∑
m=1

b−1
imiH

(i1,...,im−1,im+1,...,in)
t (a,b;x, y), (A.3)

which can be derived either directly or using (A.1) and the well known identities for
canonic Hermite polynomials:

H(i1,...,im−1,i,im+1,...,in)
t (w) =

1

t
wiH(i1,...,im−1,im+1,...,in)

t (w)− ∂wi
H(i1,...,im−1,im+1,...,in)

t (w),

∂wiH
(i1,...,in)
t (w) =

1

t

n∑
m=1

1im=iH(i1,...,im−1,im+1,...,in)
t (x, y).

Combining (A.2) and (A.3) and re-arranging the notation for the multi-indices we get[
b−1(y − x− ta)

]
i
H

(i1,...,in)
t (a,b;x, y) =

= tH
(i,i1,...,in)
t (x, y) +

n∑
m=1

b−1
imiH

(i1,...,im−1,im+1,...,in)
t (x, y). (A.4)

Multiplying (A.4) by bji and taking the sum over i, we obtain

(y − x− ta)jH
(i1,...,in)
t (a,b;x, y) = t

d∑
i=1

bjiH
(i,i1,...,in)
t (a,b;x, y) +

+

n∑
m=1

1im=jH
(i1,...,im−1,im+1,...,in)
t (x, y).

(A.5)

The Hermite functions Φ
(i1,...,in)
t (a,b;x, y) also have nice properties as functions of

the parameters a ∈ Rd,b ∈ Rd×d
sym :

∂aj
Φ

(i1,...,in)
t (a,b;x, y) = tΦ

(i1,...,in,j)
t (a,b;x, y), (A.6)

∂bjk
Φ

(i1,...,in)
t (a,b;x, y) =

t

2
Φ

(i1,...,in,j,k)
t (a,b;x, y). (A.7)

These properties are difficult to prove using the canonic Hermite functions, thus we
provide the direct proof based on the Fourier transform. Namely, let

Φ̂
(i1,...,in)
t (a,b;x, λ) =

∫

Rd

eiy·λΦ
(i1,...,in)
t (a,b;x, y) dy, λ ∈ Rd,

then

Φ̂t(a,b;x, λ) = etia·λ−
t
2 (bλ,λ)

and

Φ̂
(i1,...,in)
t (a,b;x, λ) =

∫

Rd

eiy·λ(−∂yi1
) . . . (−∂yin

)Φt(a,b;x, y) dy =

=

∫

Rd

∂yi1
. . . ∂yin

eiy·λΦt(a,b;x, y) dy =

= (iλi1) . . . (iλin)Φ̂t(a,b;x, λ) = (iλi1) . . . (iλin)eia·λ−
t
2 (bλ,λ), λ ∈ Rd. (A.8)
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Then, we conclude that

∂bjk
Φ̂

(i1,...,in)
t (a,b;x, λ) = − t

2
(iλi1) . . . (iλin)λjλke

ia·λ− 1
2 (bλ,λ) =

t

2
Φ̂

(i1,...,in,j,k)
t (a,b;x, λ),

which proves (A.7). The proof of (A.6) is similar and omitted.
Finally, we mention the following convolution property of the Hermite functions: for

any t, s > 0 and m,n ≥ 0, i1, . . . , in, j1, . . . , jm(
Φ

(i1,...,in)
t ∗ Φ(j1,...,jm)

s

)
(a,b;x, y) = Φ

(i1,...,in,j1,...,jm)
t+s (a,b;x, y). (A.9)

Identity (A.9) easily follows from (A.8) and the fact that the Fourier transform of a
convolution is a product.

Appendix B. The divergence operator

In this section we briefly discuss the properties of the divergence operator (5.3) used
in the proof of Theorem 3.2; with this perspective in mind, we will only consider the
particular case of P = Px,t ∼ N (ta(x), tb(x)). It follows from (5.3) and (A.2) that for

Vt(x, y) = H
(i1,...,in)
t (x, y)ei,[

δPx,t
Vt(x, ·)

]
(y) =

1

t

[
b−1(x)(y − x− ta(x))

]
i
H

(i1,...,in)
t (x, y)− ∂yi

H
(i1,...,in)
t (x, y) =

= H
(i,i1,...,in)
t (x, y). (B.1)

Next, recall that the function Ut(x, y) is defined in (3.4), then by (B.1) (see (3.5))[
δPx,t

Ut(x, ·)
]
(y) = t2

d∑
i,j,k=1

fijk(x)H
(i,j,k)
t (x, y) = δUt (x, y), (B.2)

That is, the function δUt (x, y) in Theorem 3.2 is just the Skorokhod integral of Ut(x, y)
w.r.t. Px,t and is the function that matches the second term on the right hand side of
(3.1).

Therefore (3.11) can be naturally understood as just an equation of the form

δPU = g (B.3)

for a given polynomial function g and unknown U . The structure of the set of solutions to
(B.3) is well understood; e.g. [12]. Namely, any solution has the form U = U0 +V , where
U0 is some solution, and V is a solution to the homogeneous equation δPV = 0. The
latter is equivalently described as an Rd-valued function such that, for any Q ∈ C1(Rd)
with compact support,

∫

Rd

(Vt(x, y),∇Q(y))Px,t(dy) = 0.

Therefore, the set of solutions to (B.3) is rather wide. In Corollary 3.1 we actually list
a subclass of all the solutions of such an equation, with particular 3rd order polynomial
for g, given only by the 2nd order polynomials. Such a restriction is natural, since our
main goal is to make the improved approximations (3.8) as simple as is possible.
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Wroclaw, Poland
E-mail address: kulik.alex.m@gmail.com

ÏÎÊÐÀÙÅÍÀ ËÎÊÀËÜÍÀ ÀÏÐÎÊÑÈÌÀÖIß ÄËß ÁÀÃÀÒÎÂÈÌIÐÍÈÕ
ÄÈÔÓÇIÉ: G-ÎÖIÍÊÈ

Ñ. ÁÎÄÍÀÐ×ÓÊ, Ä. IÂÀÍÅÍÊÎ, À. ÊÎÕÀÖÓ-ÕIÃÀ, Î. ÊÓËÈÊ

Àíîòàöiÿ. Ðîçãëÿíóòî çàäà÷ó ïîêðàùåííÿ ëîêàëüíî¨ àïðîêñèìàöi¨ äëÿ áàãàòîâèìiðíèõ äèôóçié.
Çîêðåìà, çàïðîïîíîâàíà íàìè ÿâíà ñõåìà àïðîêñèìàöi¨ ïîêðàùó¹ ñõåìó Ìiëüøòåéíà. Ìè òàêîæ
äà¹ìî ÷àñòêîâî ÿâíó îöiíêó òî÷íîñòi àïðîêñèìàöi¨ (ìè íàçèâà¹ìî ¨¨ G-îöiíêîþ), â ÿêié ãîëîâíèé
÷ëåí îáìåæåíèé äîáóòêîì ïîëiíîìà íà ãàóññîâó ùiëüíiñòü, à çàëèøîê ¹ åêñïîíåíöiéíî ìàëèì äëÿ
ìàëîãî ÷àñó.


