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Large deviations of the correlogram estimator of the
random noise covariance function in the nonlinear
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ABSTRACT
In the paper an exponential bound for the probabilities of large
deviations of the normalized residual correlogram as an estimator of
a random stationary Gaussian noise covariance function in continu-
ous time nonlinear functional regression model is obtained. The
strongest known result on weak consistency of the residual correlo-
gram is a corollary of this fact.

ARTICLE HISTORY
Received 31 July 2019
Accepted 1 January 2020

KEYWORDS
Nonlinear regression model;
stationary Gaussian noise;
covariance function;
correlogram estimator;
probability of large
deviations; pseudometric

MATHEMATIC SUBJECT
CLASSIFICATION
62J02; 60G10; 60J15;
60F10; 62G20

1. Introduction

Estimation of signal parameters in the “signalþ noise” observation model is a classic
problem of statistics of stochastic processes or, more precisely, the problem of time-ser-
ies nonlinear regression analysis, which is a significant extension and complication to
the case of correlated observations of classical linear regression analysis due to the use
of nonlinear in parameters models to describe more adequately than linear models phe-
nomena requiring statistical analysis. A large number of applied problems in various
scientific fields gives impetus to the development of nonlinear time-series regres-
sion analysis.
If there is a need to estimate the functional characteristics of a random noise in time-

series regression model, it is first necessary to estimate the regression function parame-
ters and then consider an estimator, say, of the covariance function of the stationary
random noise using residuals (see below).
The paper is devoted to obtaining of an exponential bound for the probabilities of

large deviations of the normalized residual correlogram as an estimator of random

CONTACT Alexander Ivanov alexntuu@gmail.com Department of Mathematical Analysis and Probability Theory,
National Technical University of Ukraine “Igor Sicorsky Kyiv Polytechnic Institute”, Peremohy avenue, 37, 03056
Kyiv, Ukraine.
� 2020 Taylor & Francis Group, LLC

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS
2021, VOL. 50, NO. 18, 4236–4254
https://doi.org/10.1080/03610926.2020.1713369

http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2020.1713369&domain=pdf&date_stamp=2021-08-09
http://orcid.org/0000-0001-5250-6781
http://orcid.org/0000-0001-6996-8368
http://orcid.org/0000-0002-1870-9873
http://www.tandfonline.com


stationary Gaussian noise covariance function in continuous time functional regression
model. For estimation of the regression function parameters in the paper the least
squares estimator (LSE) is used, as well as the residual correlogram is utilized to esti-
mate the noise covariance function. Noteworthy is the simple fact that the residual cor-
relogram in the models with stationary correlated observations is a natural
generalization of the averaged residual sum of squares in the classical regression analysis
as an estimator of unknown observation variance.
However, unlike the residual sum of squares and the usual correlogram, the results

on the residual correlogram are not sufficiently represented in statistical literature,
except for individual theorems for discrete time-series linear regression models with sta-
tionary correlated observation errors (see Anderson (1971), Hannan (1970)) that were
obtained using explicit expressions for LSE. If a stationary process with nonzero mean
is observed, then in the multitude of works viewing the correlogram, the values of the
process are centered by its sample mean which is the LSE of its expectation.
Generalizations on stochastic fields of such a centering can be found in
Leonenko (1999).
The problem investigated in the article can also be considered from the point of view

of checking the adequacy of the corresponding time-series regression model. In this
view of things the problem essentially is that we estimate the regression parameters, for
example, by least squares, as in the given paper, and then make sure the model fits well
by examining the residual correlogram. So, practically, it can be very useful to find neat
bounds on the probabilities of a residual correlogram exceeding some threshold value.
This is exactly the topic studied in detail in the article provided that LSE is used to esti-
mate regression parameters.
Asymptotic normality of the normalized residual correlogram in nonlinear regression

setting was obtained in Ivanov and Moskvichova (2015a). Stochastic asymptotic expan-
sion and asymptotic expansion of the bias and variance of the residual correlogram in
the same setting were derived in Ivanov and Moskvichova (2015b) and Ivanov and
Moskvychova (2014) and Ivanov and Moskvichova (2015).
Symmetric statistical problem arises when for the described functional regression we

wish to estimate unknown parameters of the noise spectral density. In this Gaussian set-
ting asymptotic properties of the Whittle and Ibragimov estimators are obtained in
Ivanov and Prykhod’ko (2016a), Ivanov and Prikhod’ko (2016b).
In Ivanov, Leonenko and Orlovskyi (Forthcoming) the consistency and asymptotic

normality of the Whittle estimator are obtained for functional nonlinear regression
model with L�evy-driven linear noise process.
Consider the functional regression model

XðtÞ ¼ gðt, hÞ þ eðtÞ, t � 0 (1.1)

where g : ð0,1Þ�H ! R is a continuous function depending on unknown parameter
h ¼ ðh1, :::, hqÞ 2 H � R

q, H is a bounded open convex set, and stochastic process e
satisfies the condition
N1. (i) e ¼ feðtÞ, t 2 Rg is a real almost surely (a.s.) sample continuous stationary

Gaussian process defined on probability space ðX,F,PÞ,Eeð0Þ ¼ 0;
(ii) the process e has a bounded spectral density f ¼ ff ðkÞ, k 2 Rg:
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Under condition N1(ii) spectral density f and covariance function B ¼ fBðtÞ, t 2 Rg
of the process e belong to L2ðRÞ, and by Plansherel identity we have

jjBjj2 ¼
�ð1

�1
B2ðtÞdt

�1=2

¼
ffiffiffiffiffi
2p

p �ð1
�1

f 2ðkÞdk
�1=2

¼
ffiffiffiffiffi
2p

p
jjf jj2 (1.2)

If the function B is unknown, then, as we said above, the problem arises of B estima-
tion in the model (1.1) by observation fXðtÞ, t � 0g:
Definition 1.1. LSE of unknown parameter h 2 H on interval of observation ½0,T� is
said to be any random vector ĥT ¼ ðĥ1T , :::ĥqTÞ 2 Hc, where Hc is the closure of H,
such that

QTðĥTÞ ¼ min
s2Hc

QTðsÞ, QTðsÞ ¼
ðT
0
½XðtÞ � gðt, sÞ�2dt (1.3)

As an estimator of B associated with the estimator ĥT of parameter h we take the
residual correlogram built by residuals

X̂ðtÞ ¼ XðtÞ � gðt, ĥTÞ, t 2 0,T þH½ � (1.4)

namely:

BTðz, ĥTÞ ¼ T�1
ðT
0
X̂ðt þ zÞX̂ðtÞdt, z 2 0,H½ � (1.5)

H> 0 is some fixed number.

Note that BTð0, ĥTÞ ¼ T�1QTðĥTÞ is LSE of the variance Bð0Þ of stochastic process e.
On the other hand,

BTðz, hÞ ¼ BTðzÞ ¼ T�1
ðT
0
eðt þ zÞeðtÞdt, z 2 0,H½ � (1.6)

is the correlogram of the process e.
From the condition N1(i) it follows that integrals (1.5) and (1.6) can be considered

as Riemann integrals built by the pathes of correspondent processes. Moreover,

BTðz, ĥTÞ,BTðzÞ, z 2 ½0,H�, are a.s. sample continuous processes (see, for example,
Buldygin and Kozachenko (2000), Ivanov and Leonenko (1989)).
The paper is organized in the following way. In Section 2 we formulate Theorem 2.1

on large deviations of the LSE ĥT : In Section 3 Theorem 3.1 on the large deviations of
the normalized correlogram (1.6) is proved. Finally, in Section 4 relying on Theorems
2.1 and 3.1, in Theorem 4.1 on upper exponentional bound is obtained for probabilities
of large deviations of the residual correlogram (1.5). As corollaries of the Theorem 4.1
we get quite strong statements on consistency of the estimator (1.5).

2. Large deviations of the LSE

In asymptotic theory of continuous time nonlinear regression (see Ivanov and Leonenko
(1989)) in the problem of normal approximation of the LSE distribution the deviation of

LSE from true parameter value ĥT � h is normalized by the diagonal matrix
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dTðhÞ ¼ diag
�
diTðhÞ, i ¼ 1, q

�
, d2iTðhÞ ¼

ðT
0

g2i ðt, hÞdt (2.1)

where giðt, hÞ ¼ @
@hi

gðt, hÞ: The next condition provides the existence of matrix dTðhÞ:
R1. (i) The function gðt, sÞ 2 C1ðHÞ for any t � 0: For any s 2 H and T> 0 gið�, sÞ 2

L2ð½0,T�Þ, moreover d2iTðsÞ ! 1, as T ! 1, i ¼ 1, q:
(ii) For any fixed H> 0 and s 2 H

di,TþHðsÞd�1
iT ðsÞ ! 1, as T ! 1, i ¼ 1, q

We indicate one sufficient condition for feasibility of R1(ii).
R1(ii’). For any s 2 H there exist the constants ciðsÞ such that starting from some

T> 0,

sup
0�t�T

jgiðt, sÞjd�1
iT ðsÞ � ciðsÞT�1=2, i ¼ 1, q

Lemma 2.1. From R1(ii’) it follows R1(ii).

Proof. Under condition R1(ii’) we have

ri ¼ d2i,TþHðsÞd�2
iT ðsÞ ¼ 1þ

ðTþH

T
g2i ðt, sÞdt

� �
d�2
iT ðsÞ �

� 1þH sup
0�t�TþH

jgiðt, sÞj2d�2
iT ðsÞri � 1þ c2i ðsÞ

H
T þ H

ri

Then for corresponding T

1 � ri � ð1� c2i ðsÞHðT þHÞ�1Þ�1, and ri ! 1, as T ! 1, i ¼ 1, q

In this section we will use the condition R1(i) only. The condition R1(ii) will be
used in Section 4.
Write UTðhÞ ¼ dTðhÞðHc � hÞ, f0 ¼ sup

k2R
f ðkÞ < 1,

Dðt, uÞ ¼ g
�
t, hþ d�1

T ðhÞu
�
� gðt, hÞ, t 2 0,T½ �,

UTðu, vÞ ¼
ðT
0
ðDðt, uÞ � Dðt, vÞÞ2dt, u, v 2 UTðhÞ

We need the following condition.
R2. There exist the positive numbers c0 and c1 such that for any h 2 H and u, v 2

UTðhÞ for T > T0, where T0 > 0 does not depend on h,

c0jju� vjj2 � UTðu, vÞ � c1jju� vjj2 (2.2)

The condition of the type (2.2) was introduced in Ivanov (1977), subsequently var-
iants of this condition were considered in Prakasa Rao (1984), Sieders and Dzhaparidze
(1987) and Hu (1993).
Below instead of the words “for sufficiently large T, R” we will write “for T >

T0, R > R0”.
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Theorem 2.1. Under conditions N1, R1(i), and R2 there exist constants B	, b> 0 such
that for T > T0,R > R0

PfkdTðhÞðĥT � hÞk � Rg � B	 exp f�bR2g (2.3)

where for any b > 0 constant B	 can be chosen so that

b � c0
16pf0ð1þ qÞ � b (2.4)

The theorem is a special case of the more general result in Ivanov and Orlovskyi
(2018) received for jointly strictly sub-Gaussian stationary stochastic process e (Buldygin
and Kozachenko (2000)). Its proof uses the approach of Sieders and
Dzhaparidze (1987).
Set

uTðs1, s2Þ ¼
ðT
0
ðgðt, s1Þ � gðt, s2ÞÞ2dt, s1, s2 2 Hc (2.5)

and rewrite the inequality (2.2) in equivalent form: for any h 2 H and T > T0, where
T0 does not depend on h,

c0jjdTðhÞðs1 � s2Þjj2 � uTðs1, s2Þ � c2jjdTðhÞðs1 � s2Þjj2, s1, s2 2 Hc (2.6)

We indicate the conditions that are sufficient to fulfill (2.6) and condition R2
correspondently.
Let

sT ¼ diagðsiT , i ¼ 1, qÞ, siT ! 1, T ! 1, i ¼ 1, q (2.7)

R3:ðiÞ sup
s2Hc

js�2
iT d2iTðsÞ � lij ! 0, T ! 1 (2.8)

where li > 0, i ¼ 1, q, are some numbers.
(ii) For some positive numbers c	0, c

	
1 and T > T0

c	0jjsTðs1 � s2Þjj2 � uTðs1, s2Þ � c	1jjsTðs1 � s2Þjj2, s1, s2 2 Hc (2.9)

Lemma 2.2. Under condition R3 the inequality (2.6) is true for any numbers

c0 < c	0ðmax
1�i�q

liÞ�1, c1 > c	1ðmin
1�i�q

liÞ�1, as T > T0:

Proof. Along with (2.8) the relations

sup
s2Hc

js2iTd�2
iT ðsÞ � l�1

i j ! 0, as T ! 1, i ¼ 1, q (2.10)

hold true as well. Then for any e > 0

jjsTðs1 � s2Þjj2 ¼ jjðsTd�1
T ðhÞÞdTðhÞðs1 � s2Þjj2 �

Xq
i¼1

ðl�1
i þ eÞd2iTðhÞðsi1 � si2Þ2 <

< ððmin
1�i�q

liÞ�1 þ eÞjjdTðhÞðs1 � s2Þjj2
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Similarly,

jjsTðs1 � s2Þjj2 � ððmax
1�i�q

liÞ�1 � eÞjjdTðhÞðs1 � s2Þjj2 w

Instead of the condition R3(i) a weaker condition can be used.
R3(i’). There exist the positive constants c i,�ci, i ¼ 1, q,

c i < s�1
iT diTðsÞ < �ci, i ¼ 1, q (2.11)

hold for T > T0 uniformly in s 2 H:

In this case in (2.6) we can take

c0 ¼ c	0ðmax
1�i�q

�ciÞ�1, c1 ¼ c	1ðmin
1�i�q

c iÞ�1 (2.12)

Corollary 2.1. Under conditions N1, R1(i), R3(i) or R3(i’), and R3(ii) the statement of
Theorem 2.1 is true.

The following example demonstrates how the Corollary 2.1 can be used to obtain
relations (2.3) and (2.4).

Example 2.1. Let gðt, sÞ ¼ exp fhs, yðtÞig, where hs, yðtÞi ¼Pq
i¼1 siyiðtÞ, and measur-

able regressors yðtÞ ¼ ðy1ðtÞ, :::, yqðtÞÞ, t � 0, take values in a compact set Y � R
q:

Assume that

JT ¼
�
T�1

ðT
0
yiðtÞyjðtÞdt

�q

i, j¼1

!J ¼ ðJijÞqi, j¼1, as T ! 1 (2.13)

where J is a positive definite matrix. Let h�, �i be the scalar product in R
q,

M ¼ max
y2Y, s2Hc

exp fhs, yig, L ¼ min
y2Y, s2Hc

exp fhs, yig

Then for any d > 0 and T > T0 we obtain

L2ðJii � dÞ < T�1d2iTðhÞ < M2ðJii þ dÞ, i ¼ 1, q (2.14)

and in the condition R3(i’) we can take sT ¼ T1=2
Iq, where Iq is identity matrix of

order q and

c i ¼ L2ðJii � dÞ, �ci ¼ M2ðJii þ dÞ, i ¼ 1, q (2.15)

To check the fulfillment of condition R3(ii) let us consider

ehyðtÞ, s1i � ehyðtÞ, s2i ¼ ehyðtÞ, s2i
�
ehyðtÞ, s1�s2i � 1

�
Since ðex � 1Þ2 � x2, x � 0, and ðex � 1Þ2 > e2xx2, x< 0, then

ðehyðtÞ, s1�s2i � 1Þ2 � DhyðtÞ, s1 � s2i2, D ¼ minð1, e2hyðtÞ, s1�s2iÞ
So,

e2hyðtÞ, s2i
�
ehyðtÞ, s1�s2i � 1

�2
� hyðtÞ, s1 � s2i2e2hyðtÞ, s2iD � L2hyðtÞ, s1 � s2i2

and, therefore, for any d > 0 and T > T0
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uTðs1, s2Þ � L2
Xq
i, j¼1

Jij,TðT1=2ðsi1 � si2ÞÞðT1=2ðsj1 � sj2ÞÞ

� L2ðkminðJÞ � dÞjjT1=2ðs1 � s2Þjj2
(2.16)

where kminðJÞ is the least eigenvalue of the matrix J.
On the other hand,����ehyðtÞ, s1i � ehyðtÞ, s2i

���� ¼ Xq
i¼1

yiðtÞ exp fyðtÞ, hs2 þ gðtÞðs1 � s2Þigðsi1 � si2Þ
�����

�����
� M

Xq
i¼1

yiðtÞðsi1 � si2Þ
�����

�����, gðtÞ 2 ð0, 1Þ

and

uTðs1, s2Þ � M2
ðT
0

�Xq
i¼1

yiðtÞðsi1 � siÞ
�2

dt

So, for any d > 0 and T > T0

uTðs1, s2Þ � M2ðkmaxðJÞ þ dÞjjT1=2ðs1 � s2Þjj2 (2.17)

where kmaxðJÞ is the greatest eigenvalue of J. It means that in R3(ii) for any d > 0 and
T > T0 ¼ TðdÞ one can take

c	0 ¼ L2ðkminðJÞ � dÞ, c	1 ¼ M2ðkmaxðJÞ þ dÞ (2.18)

Taking into account (2.12), (2.15), and (2.18), in the inequalities (2.6) for T > T0 we
can choose the numbers

c0 <
L2

M2

kminðJÞ
max
1�i�q

Jii
, c1 >

M2

L2
kmaxðJÞ
min
1�i�q

Jii
(2.19)

3. Large deviations of the correlogram of stationary Gaussian process

In the section we prove a theorem on the probabilities of large deviations of the ran-
dom variable supz2½0,H� jYTðzÞj, where YTðzÞ ¼ T1=2ðBTðzÞ � BðzÞÞ, z 2 ½0,H�, is the

normalized correlogram of the stochastic process e. As a matter of fact the statement of
Theorem 6.3.2 in Buldygin and Kozachenko (2000) is similar and differs only a T-
dependent constant in the exponent of the right hand side of the corresponding
inequality. However, we need that the constant should be T independent. Hereinafter,
we use the concepts and facts given in Buldygin and Kozachenko (2000).
Let nðzÞ, z 2 H, be a stochastic process defined on the probability space

ðX,F,PÞ, L0ðXÞ to be the space of all real random variables on ðX,F,PÞ:
Definition 3.1. Let M be a subspace in L0ðXÞ: A stochastic process n is called M-pro-
cess, if n : H ! M:

Definition 3.2. A random variable g is said to be pre-Gaussian, if Eg ¼ 0 and for some
numbers K 2 ð0,1�, a 2 ½0,1Þ and any k 2 ð�K,KÞ
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E exp fkgg � exp

�
a2k2

2

	
(3.1)

The class of all pre-Gaussian random variables on ðX,F,PÞ denote by PrgðXÞ:

Definition 3.3. A process n is named pre-Gaussian, if M ¼ PrgðXÞ:

Definition 3.4. A continuous convex even function U ¼ fUðxÞ, x 2 Rg, is said to be
C-function, if Uð0Þ ¼ 0 and U monotonically increases for x> 0.

Definition 3.5. Let U be an arbitrary C-function. The Orlicz space of random variable
LUðXÞ is defined as the family of random variables where for each g 2 LUðXÞ there
exists a constant rg > 0 such that

EU
g
rg

� �
< 1

The functional

jjgjjU ¼ inf r > 0 : EU
g
r

� �
� 1

� 	
(3.2)

defined on the Orlicz space LUðXÞ is a norm and this norm is called the Luxemburg
norm. The Orlicz space LUðXÞ endowed with Luxemburg norm is a Banach space.

Definition 3.6. Let wðxÞ, x 2 R, be an arbitrary C-function. The Orlicz space generated
by C-function UðxÞ ¼ exp fwðxÞg � 1, x 2 R, is said to be the Orlicz space of exponen-
tial type and is denoted by Exp wðXÞ:
If wðxÞ ¼ jxj, x 2 R, then the space Exp wðXÞ we will denote by Exp ð1ÞðXÞ, and cor-

responding norm by jj � jjEð1Þ:
Taking into account Definition 3.1, similarly to Definition 3.3, stochastic process n is

said to be the Orlicz process and, in particular, the Orlicz process of exponential type, if
M ¼ LUðXÞ and M ¼ Exp wðXÞ, correspondently.
From Theorem 2.3.5 and Corollary 2.3.4 in Buldygin and Kozachenko (2000) it fol-

lows that the space PrgðXÞ is a closed subspace of ðExp ð1ÞðXÞ, jj � jjEð1ÞÞ:
In what follows the concept of M-characteristic of Exp ð1ÞðXÞ-space is used, and we

need to give the necessary explanations.

Definition 3.7. Linear space KðXÞ of the space L0ðXÞ is called lattice, if maxfg, ng 2
KðXÞ, minfg, ng 2 KðXÞ, for all g, n 2 KðXÞ:

Definition 3.8. A lattice KðXÞ is said to be Kr-space, if KðXÞ is the Banach space with
norm jj � jj, and the following conditions are fulfilled:

(1) if g, n 2 KðXÞ and jgj � jnj a.s., then jjgjj � jjnjj;
(2) if for sequence fgn, n � 1g from KðXÞ there exists such a random variable n,

that supn�1 jgnj � n a.s. and n 2 KðXÞ, then supn�1 jgnj 2 KðXÞ:
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Definition 3.9. Positive monotonically nondecreasing sequence fKðnÞ, n 2 Ng is
called M-characteristic (majorizing characteristic) of Kr-space KðXÞ, if for any n � 1
and gk 2 KðXÞ, k ¼ 1, n, the following inequality holds:

max
1�k�n

jgkj










 � KðnÞ max
1�k�n

jjgkjj

From Theorem 2.3.3 in Buldygin and Kozachenko (2000) if follows the Orlicz spaces
are Kr-spaces, and Example 2.3.2 ibidem shows that for the function UðxÞ ¼
exp fajxjag � 1, x 2 R, a > 0, a � 1, M-characteristics of the Orlicz space generated by
the function U, is the sequence

KðnÞ ¼
n, as n � exp f2ag � 1;

exp f2ag ln ð1þnÞ
a

� �1=a
, as n > exp f2ag � 1:

(

Specifically for the space Exp ð1ÞðXÞ, generated by the function UðxÞ ¼ ejxj � 1, x 2
R, we have a ¼ a ¼ 1, e2 � 1 ’ 6:3875: So in this case

KðnÞ ¼
�

n, as n � 6;
e2 ln ð1þ nÞ, as n � 7

(3.3)

Consider on ðX,F,PÞ the totality of random variables of the form hAc, ci, where c is
an arbitrary centered Gaussian vector of arbitrary dimension n � 1, A is any real square
matrix of order n, h�, �i is the scalar product in R

n: Denote the introduced totality by

Cð2Þ
0 ðXÞ and note, that Cð2Þ

0 ðXÞ is a linear subspace of the Hilbert space L2ðXÞ with inner

product hg, ni ¼ Egn: Let Cð2ÞðXÞ be mean square closure of Cð2Þ
0 ðXÞ, i.e., Cð2ÞðXÞ is a

Hilbert subspace of L2ðXÞ:
Definition 3.10. We will call Cð2ÞðXÞ the space of quadratically Gaussian ran-
dom variables.

Theorem 6.2.2 in Buldygin and Kozachenko (2000) along with Theorem 2.3.5 ibidem

show that all the random variables g 2 Cð2ÞðXÞ belong to the space Exp ð1ÞðXÞ and, cor-
respondently, random variables g� Eg 2 PrgðXÞ: In turn Lemma 6.3.1 in Buldygin and

Kozachenko (2000) states that the correlogram BTðzÞ 2 Cð2ÞðXÞ,BTðz1Þ � BTðz2Þ 2
Cð2ÞðXÞ for any z, z1, z2 � 0: Then by Theorem 6.2.3 in Buldygin and Kozachenko
(2000) YTðzÞ 2 PrgðXÞ, z � 0, and according to the already mentioned Theorem
2.3.5 YTðzÞ 2 Exp ð1Þ ðXÞ, z � 0:

Definition 3.11. Let H be a nonempty set. A function q : H�H ! ½0,1Þ is called a
pseudometric if it satisfies the conditions

1) qðz1, z2Þ ¼ qðz2, z1Þ, z1, z2 2 H;
2) qðz1, z3Þ � qðz1, z2Þ þ qðz2, z3Þ, z1, z2, z3 2 H;
3) if z1 ¼ z2, then qðz1, z2Þ ¼ 0:

The pair ðH, qÞ is said to be a pseudometric space.
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Let M � L0ðXÞ be a linear space with a norm jj � jjM, and a stochastic process
fnðzÞ, z 2 Hg, be an M-process. Then the function

qnðz1, z2Þ ¼ jjnðz1Þ � nðz2ÞjjM, z1, z2 2 H (3.4)

is pseudometric on H:

Definition 3.12. Pseudometric qn is called pseudometric generated by the process n.
The next two pseudometrics generated by the corresponding stochastic M-processes,

are used in this paper.

1) Let M ¼ L2ðXÞ: Then

qnðz1, z2Þ ¼ rnðz1, z2Þ ¼
�
Ejnðz1Þ � nðz2Þj2

�1=2
, z1, z2 2 H (3.5)

2) Let M ¼ Exp ð1ÞðXÞ: Then
qnðz1, z2Þ ¼ jjnðz1Þ � nðz2ÞjjEð1Þ, z1, z2 2 H (3.6)

Consider the function (see subsection 6.4 of the chapter 6 in Buldygin and
Kozachenko (2000))

qðzÞ ¼
ð1
�1

f 2ðkÞ sin 2 kz
2
dk

� �1=2

, z � 0 (3.7)

where f is a spectral density of the process e. Under condition N1 the function q is well
defined and sets two pseudometrics

qðz1, z2Þ ¼ qðjz1 � z2jÞ, ffiffiffi
q

p ðz1, z2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðz1, z2Þ

p
, z1, z2 2 R (3.8)

Pseudometric
ffiffiffi
q

p
plays an important role in the study of asymptotic, as T ! 1,

properties of the correlogram BTðzÞ of the stochastic process e in the observation
model (1.1).
From Theorems 6.2.3, 2.3.5 in Buldygin and Kozachenko (2000), using Example 6.2.1

ibidem for numbers r 2 ð0, 1Þ such that

ð2 ln 2Þ1=2 < rc1=2ðrÞ, cðrÞ ¼ �r�2 ln ð1� rÞ � r�1 (3.9)

it follows for Exp ð1ÞðXÞ-process fnðzÞ, z 2 Hg ¼ fYTðzÞ, z 2 ½0,H�g (now interval ½0,H�
plays the role of the set H in the previous definitions) that the inequalities hold (see
formulas (3.5) and (3.6)):

1ffiffiffi
2

p rYT ðz1, z2Þ � qYT
ðz1, z2Þ � cðrÞ

ln 2

� �1=2

rYT ðz1, z2Þ, z1, z2 2 0,H½ � (3.10)

Definition 3.13. Let ðH, qÞ be a pseudometric space. The process fnðzÞ, z 2 Hg is said

to be q-continuous in probability, if nðznÞ!P nðzÞ as qðzn, zÞ ! 0:

Lemma 3.1. Under condition N1 the pseudometric space ð½0,H�, qYT
Þ is qYT

-separable.
Besides, the process fYTðzÞ, z 2 ½0,H�g is qYT

-continuous in probability.
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Proof. Let S be any countable everywhere dense in ½0,H� with respect to metric
mðt, sÞ ¼ jt � sj set of points, z 2 ½0,H� be any point, and fzn, n � 1g � S is such a
sequence that zn ! z with respect to the metric mðt, sÞ: From Lemma 6.4.1 Buldygin
and Kozachenko (2000) it follows that for any T> 0

rYT ðzn, zÞ � ð8pq2ðzn, zÞ þ 8pjjf jj2qðzn, zÞÞ1=2 � 4ðpjjf jj2Þ1=2
ffiffiffi
q

p ðzn, zÞ ! 0 (3.11)

where pseudometric
ffiffiffi
q

p
is given by (3.7), (3.8). The relation (3.11) means that the pro-

cess YT is mean square continuous and from the right hand side of inequality (3.10) it
follows that qYT

ðzn, zÞ ! 0: It proves qYT
-separability of pseudometric

space ð½0,H�, qYT
Þ:

Assume that for some sequence fzn, n � 1g � ½0,H� and z 2 ½0,H�, qYT
ðzn, zÞ ! 0:

Then from the left hand side of inequality (3.10) it follows, that rYT ðzn, zÞ!n!1 0 and

thus YTðznÞ!P YðzÞ:
The proved lemma and Theorems 3.1.1, 3.1.2 in Buldygin and Kozachenko (2000)

provide an opportunity to assume that the stochastic process fYTðzÞ, z 2 ½0,H�g
is qYT

-separable.
Let ðH, qÞ be a pseudometric space and e > 0:

Definition 3.14. A system of closed balls B ¼ fBg,B � H, whose radii do not exceed e,
is called an e-covering of the set H, if [B�B B ¼ H: A set Q � H is called an e-net in
the set H if for any z 2 ½0,H� there exists a point y 2 H such that qðz, yÞ � e:

Definition 3.15. If there exists a finite e-covering of a set H, then NqðH, eÞ denotes the
smallest number of elements in an e-covering of this set. We take NqðH, eÞ ¼ þ1, if
there is no finite e-covering of the set H: The function NqðH, eÞ, e > 0, is said to be
metric massiveness of H with respect to pseudometric q.

Definition 3.16. The function of e > 0

HqðH, eÞ ¼ lnNqðH, eÞ, if NqðH, eÞ < þ1,
þ1, if NqðH, eÞ ¼ þ1

�

is called the metric entropy of the set H with respect to pseudometric q.

Among the properties of metric massiveness (see, for example, Lemma 3.2.1 in
Buldygin and Kozachenko (2000)) we need in the following one.
Assume that pseudometrics q1 and q2 are defined on H, and uðxÞ, x � 0, be a

monotone function such that

q1ðz1, z2Þ � uðq2ðz1, z2ÞÞ, z1, z2 2 H (3.12)

Then for any e > 0

Nq1ðH, eÞ � Nq2ðH,uð�1ÞðeÞÞ (3.13)

where uð�1Þ is generalized inverse function to the function u:
Let K ¼ KðXÞ be some Kr-space of random variables with the norm jj � jjK and M-

characteristic fKðnÞ, n � 1g (see Definitions 3.7–3.9). Let also n ¼ fnðzÞ, z 2 Hg be
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some Kr-process, i.e., fnðzÞ, z 2 Hg � K; qnðz1, z2Þ ¼ jjnðz1Þ � nðz2ÞjjK , z1, z2 2 H, is
pseudometric, generated by the process n, NðeÞ ¼ NqnðH, eÞ, e > 0, is the metric mas-

siveness of parametric set H with respect to pseudometric qn:
Suppose that the following conditions are satisfied:

A1Þ supz2H jjnðzÞjjK < 1;

A2Þ the space ðH, qnÞ is separable, and process n is separable on ðH, qnÞ;
A3Þ Iðn,KÞ ¼ Ð e	0 KðNðeÞÞde < 1 (3.14)
where e	 ¼ supz1, z22H qnðz1, z2Þ < 1:

The boundedness of e	 follows from A1Þ:
Under conditions A1Þ – A3Þ, as stated in Theorem 3.3.1 in Buldygin and

Kozachenko (2000), supz2H jnðzÞj 2 K and

sup
z2H

jnðzÞj K � sup
z2H

jjnðzÞjjK þ 4Iðn,KÞ










 (3.15)

Set H ffiffi
q

p ðeÞ ¼ H ffiffi
q

p ð½0, 1�, eÞ, e > 0: As far as the integral
Ð u
0 H ffiffi

q
p ðeÞde is finite or infin-

ite simultaneously for all u> 0, we will use the notation
Ð
þ0 for the entropy integral

over arbitrarily small interval ð0, uÞ: On the other hand, since the pseudometric
ffiffiffi
q

p
depends only on jz1 � z2j, then for any number H> 0ð

þ0

H ffiffi
q

p ðeÞde < 1 ()
ð
þ0

H ffiffi
q

p ð 0,H½ �, eÞde < 1 (3.16)

Introduce the following condition.

N2:
ð
þ0

H ffiffi
q

p ðeÞde < 1 (3.17)

Theorem 3.1. Let the conditions N1 and N2 be satisfied. Then for any x> 0 and the
number r	, which is the only solution to the equation � lnð1� rÞ � r ¼ 2 ln 2,

P sup
z2 0,H½ �

jYTðzÞj � x

( )
� 2 exp � x

Dðr	Þ
� 	

(3.18)

DðrÞ ¼ pcðrÞ
ln 2

� �1=2�
98jjf jj2 þ 16e2jjf jj1=22

ðe ffiffi
q

pð Þ
0

ln ð1þ N ffiffi
q

p ðeÞÞde
�

< 1, r 2 ð0, 1Þ
(3.19)

where N ffiffi
q

p ðeÞ ¼ N ffiffi
q

p ð½0,H�, eÞ, e > 0, e
ffiffiffi
q

p� � ¼ supz1, z22½0,H�
ffiffiffi
q

p ðz1, z2Þ � jjf jj1=22 , r	 ’
0:8982:

Proof. Consider YT ¼ fYTðzÞ, z 2 ½0,H�g as an Exp ð1ÞðXÞ-process. Recall that
Exp ð1ÞðXÞ ¼ KðXÞ is a Kr-space with M-characteristic (3.3). The process YT generates a
pseudometric space ð½0,H�, qYT

Þ, with qYT
ðz1, z2Þ ¼ jjYTðz1Þ � YTðz2ÞjjEð1Þ, z1, z2 2 ½0,H�:
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As it follows from Lemma 3.1 and the remark after its proof, the space ð½0,H�, qYT
Þ is

separable and the process YT can be considered as a separable one on ð½0,H�, qYT
Þ:

Thus, the condition A2Þ is fulfilled.
On the other hand, for r 2 ðr	, 1Þ similarly to (3.10)

jjYTðzÞjjEð1Þ �
cðrÞ
ln 2

� �1=2

ðEY2
TðzÞÞ1=2, z 2 0,H½ �

We get further

EY2
TðzÞ ¼ T�1

ðT
0

ðT
0
ðB2ðt � sÞ þ Bðt � sþ zÞBðt � s� zÞÞdtds � 2jjBjj22 ¼ 4pjjf jj22

Thus

sup
z2 0,H½ �

jjYTðzÞjjEð1Þ � 2
pcðrÞ
ln 2

� �1=2

jjf jj2 (3.20)

and the condition A1Þ is fulfilled as well.
Let us check now the condition A3Þ: From (3.20) it follows that for any T> 0

e0T ¼ sup
z1, z22 0,H½ �

qYT
ðz1, z2Þ � 4

pcðrÞ
ln 2

� �1=2

jjf jj2 < 1 (3.21)

The right hand side of inequality (3.10) and the chain of inequalities (3.11) lead to the
same upper bound.
Under notation NqYT

ð½0,H�, eÞ ¼ NTðeÞ, e > 0, and formula (3.3) we get

IðYT , 0,H½ �Þ ¼
ðe0T
0

KðNTðeÞÞde ¼
ð
ð0, e0T �\fe:NTðeÞ�6g

NTðeÞde

þe2
ð
ð0, e0T �\fe:NTðeÞ�7g

ln ð1þ NTðeÞÞde ¼ I1 þ I2
(3.22)

Obviously,

I1 � 6e0T � 24
pcðrÞ
ln 2

� �1=2

jjf jj2 (3.23)

From inequalities (3.10) and (3.11) we have a chain of inequalities for pseudometrics

qYT
ðz1, z2Þ � cðrÞ

ln 2

� �1=2

rYT ðz1, z2Þ � 4
pcðrÞ
ln 2

jjf jj2
� �1=2 ffiffiffi

q
p ðz1, z2Þ (3.24)

T> 0, z1, z2 2 ½0,H�: Inequalities (3.12) and (3.13) for pseudometrics qYT
,
ffiffiffi
q

p
and func-

tion uðxÞ ¼ kx, x > 0, k ¼ 4
�

pcðrÞ
ln 2 jjf jj2

�1=2
, show that

NTðeÞ � N ffiffi
q

p ðk�1eÞ, e > 0 (3.25)
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In turn from (3.24) it follows that e0T � ke
ffiffiffi
q

p� � ¼ e0, and we can write down

I2 � e2
ðe0
0
ln ð1þNTðeÞÞde � e2

ðe0
0
ln ð1þ N ffiffi

q
p ðk�1eÞÞde (3.26)

The function ln ð1þ N ffiffi
q

p ðk�1eÞÞ has discontinuities at the points eðjÞ ¼ kej, where
ej, j � 1, are the points of discontinuity of the function N ffiffi

q
p ðeÞ: Thenðe0

0
ln ð1þ N ffiffi

q
p ðk�1eÞÞde ¼ ln ð1þ N ffiffi

q
p ðe1ÞÞðe0 � ke1Þ

þ
X1
j¼1

ln ð1þN ffiffi
q

p ðejþ1ÞÞðkej � kejþ1Þ

¼ k


ln ð1þ N ffiffi

q
p ðe1ÞÞðe ffiffiffi

q
p� �� e1Þ þ

X1
j¼1

ln ð1þ N ffiffi
q

p ðejþ1ÞÞðej � ejþ1Þ
�

¼ k
ðeð ffiffiqp Þ

ln ð1þN ffiffi
q

p ðeÞÞde

(3.27)

In fact, we made a linear change of variable in Lebesgue integral of the step function.
As far as

ln ð1þN ffiffi
q

p ðeÞÞ � H ffiffi
q

p ð 0,H½ �, eÞ þ ln 2

the last integral in (3.27) converges under condition N2:
Collecting the bounds (3.23), (3.26), and (3.27) we get

IðYT , 0,H½ �Þ � 24 pcðrÞ
ln 2

� �1=2
jjf jj2

þ4e2 pcðrÞ
ln 2

� �1=2
jjf jj1=22

ðe ffiffi
q

pð Þ
0

ln ð1þN ffiffi
q

p ðeÞÞde < 1
(3.28)

for any r 2 ðr	, 1Þ, where r	 is determined in the statement of Theorem 3.1. Thus the
condition A3Þ is fulfilled.
Based on the bounds (3.20), (3.28) and general inequality (3.15) we can write down

for r 2 ðr	, 1Þ
jjgjjEð1Þ � DðrÞ, g ¼ sup

z2 0,H½ �
jYTðzÞj (3.29)

By Chebyshev-Markov inequality for any x> 0

Pfg � xg � exp f� x
jjgjjEð1Þ

gE exp f g
jjgjjEð1Þ

g � 2 exp f� x
DðrÞg (3.30)

The function cðrÞ, r 2 ð0, 1Þ, given by expression (3.9) is continuous and monotonic-
ally increasing. Really,

cðrÞ ¼ � ln ð1� rÞ þ r
r2

¼
X1
n¼2

rn�2

n
, c0ðrÞ ¼

X1
n¼3

n� 2
n

rn�3 > 0, r 2 ð0, 1Þ (3.31)

Inequality (3.18) follows from (3.30) and (3.31). w
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It is worth noting that cðr	Þ ’ 1:7184, and in the formula (3.19) for r ¼ r	

98
pcðr	Þ
ln 2

� �1=2

’ 273:4948, 16e2
pcðr	Þ
ln 2

� �1=2

’ 329:9378 (3.32)

Remark 3.1. In the proof of Theorem 3.1 a weakened condition N1 regarding spectral
density f is used, namely: we only requires that f 2 L2ðRÞ:

Remark 3.2. As it is shown in Buldygin and Kozachenko (2000) (see also Cramer and
Leadbetter (1967)), the integral (3.17) converges, if the following condition is satisfied.
N2’. For some d > 0 ð1

0
f 2ðkÞ ln 4þdð1þ kÞdk < 1 (3.33)

In turn if f 2 L2ðRÞ, then (3.33) is satisfied under some additional requirements to
the nature of decrease of f at infinity (Buldygin and Kozachenko (2000)).

4. Probabilities of large deviations of residual correlogram and its
consistency

In the section using Theorems 2.1 and 3.1, the statement is obtained on the probabil-
ities of large deviations of the residual correlogram in the uniform metric. Consistency
of the residual correlogram as an estimator of the random noise covariance function in
the observation model (1.1) is a corollary of the next result.

Theorem 4.1. Let the conditions N1, N2, R1 and R2 are fulfilled. Then for any

a < a0 ¼ 1
16pf0ð1þ qÞ �

c0
c1

1�
1

2Bð0Þ
� �� �

�
1

Dðr	Þ (4.1)

there exists such a constant A, that for any T > T0,R > R0

P T1=2 sup
z2 0,H½ �

jBTðz, ĥTÞ � BðzÞj � R

( )
� A exp f�aRg (4.2)

Proof. Consider the obvious representation

T1=2ðBTðz, ĥTÞ � BðzÞÞ ¼ YTðzÞ þ T�1=2I1TðzÞ � T�1=2I2TðzÞ � T�1=2I3TðzÞ, z 2 0,H½ �
(4.3)

where

I1TðzÞ ¼
ðT
0
ðgðt þ z, ĥTÞ � gðt þ z, hÞÞðgðt, ĥTÞ � gðt, hÞÞdt (4.4)

I2TðzÞ ¼
ðT
0
eðt þ zÞðgðt, ĥTÞ � gðt, hÞÞdt (4.5)

I3TðzÞ ¼
ðT
0
eðtÞðgðt þ z, ĥTÞ � gðt þ z, hÞÞdt (4.6)
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From the right hand side inequality (2.6) and condition R1(ii) it follows for any d > 0
and T > T0

uTþHðĥT , hÞ � c1 max
1�i�q

d2i,TþHðhÞd�2
iT ðhÞjjdTðhÞðĥT � hÞjj2

� ð1þ dÞ2c1jjdTðhÞðĥT � hjj2
(4.7)

sup
z2 0,H½ �

jI1TðzÞj � u1=2
TþHðĥT , hÞu1=2

T ðĥT , hÞ � ð1þ dÞc1jjdTðhÞðĥT � hÞjj2 (4.8)

So, according to Theorem 2.1 we get

P sup
z2½0,H�

T�1=2jI1TðzÞj � RT�1=2

( )

� PfjjdTðhÞðĥT � hÞjj2 � ð1þ dÞ�1=2c�1=2
1 R1=2g � A1 exp f�a1Rg (4.9)

Moreover, for any b > 0 it is possible to choose A1 so that for T > T0,R > R0 the
inequality

a1 � 1
16pf0ð1þ qÞ �

c0
c1
� b (4.10)

holds.

Set s	TðzÞ ¼ T�1
Ð T
0 e2ðt þ zÞdt, z 2 ½0,H�: Then

sup
z2½0,H�

s	TðzÞ � ð1þ HT�1Þs	TþHð0Þ (4.11)

Let a ¼ Bð0ÞT1=2�R: We have

P

�
sup

z2½0,H�
T�1=2jI2TðzÞj � a�1=2R

	
� P

�
sup

z2½0,H�
ðs	TðzÞÞ1=2u1=2

T ðĥT , hÞ � a�1=2R

	

� Pfðs	TþHð0ÞÞ1=2jjdTðhÞðĥT � hÞjj � a�1=2ð1þHT�1Þ�1=2c�1=2
1 R,

s	TþHð0Þ � Bð0Þ þ RT�1=2g

þPfðs	TþHð0ÞÞ1=2jjdTðhÞðĥT � hÞjj � a�1=2ð1þ HT�1Þ�1=2c�1=2
1 R,

s	TþHð0Þ > Bð0Þ þ RT�1=2g ¼ P21 þ P22 (4.12)

We get further

P21 � P

�
jjdTðhÞðĥT � hÞjj � R

ðað1þHT�1Þc1ðBð0Þ þ RT�1=2ÞÞ1=2
	

(4.13)

Note that

R

ðBð0Þ þ RT�1=2Þ1=2
¼ R

Bð0Þ
� �1=2 Bð0ÞT1=2R

Bð0ÞT1=2 þ R

 !1=2

� R
2Bð0Þ
� �1=2

a1=2 (4.14)
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and therefore by Theorem 2.1 for any b > 0 one can choose a constant A21 such that
for T > T0,R > R0 the inequalities

P21 � A21 exp f�a21Rg, a2 � 1
32pf0ð1þ qÞBð0Þ �

c0
c1
� b (4.15)

are satisfied. On the other hand,

P22 � Pfs	TþHð0Þ > Bð0Þ þ RT�1=2g (4.16)

and to estimate this probability we will use the first inequality of Theorem 6.3.1 in
Buldygin and Kozachenko (2000), namely:

Pfs	TþHð0Þ � Bð0Þ > ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vars	TþHð0Þ

p
xg � KðxÞ,

KðxÞ ¼ ð1þ
ffiffiffi
2

p
xÞ1=2 exp f�x=

ffiffiffi
2

p
g, x > 0 (4.17)

According to Isserlis formula

var s	TþHð0Þ ¼ 2ðT þ HÞ�1b2TþH ,

b2TþH ¼ ðT þHÞ�1
ðTþH

0

ðTþH

0
B2ðt � sÞdtds ! jjBjj22, as T ! 1

(4.18)

Taking in the inequality (4.17) x ¼ ðvar s	TþHð0ÞÞ�1=2RT�1=2, we obtain for any d > 0
and T > T0

P22 � K
�
ðvars	TþHð0ÞÞ�1=2RT�1=2

�
¼

¼ ð1þ ð1þ HT�1Þ1=2b�1
TþHRÞ1=2 exp

�
� 1
2
ð1þHT�1Þ1=2b�1

TþHR

	

� 1þ ð1þ dÞ1=2 R
jjBjj2�d

� �1=2
exp

�
� 1
2jjBjj2

ð1� djjBjj�1
2 ÞR

	 (4.19)

Thus for any b > 0 there exist constants A22 and a22 such that for T > T0,R > R0

P22 � A22 exp f�a22Rg, a22 >
1

2jjBjj2
� b (4.20)

As for I3TðzÞ, we obtain similarly to the previous argument

P

�
sup

z2 0,H½ �
T�1=2jI3TðzÞj � a�1=2R

	

� Pfðs	Tð0ÞÞ1=2u1=2
TþHðĥT , hÞ � a�1=2R, s	Tð0Þ � Bð0Þ þ RT�1=2g

þPfðs	Tð0ÞÞ1=2u1=2
TþHðĥT , hÞ � a�1=2R, s	Tð0Þ > Bð0Þ þ RT�1=2g

¼ P31 þ P32 (4.21)

For arbitrary d > 0 and T > T0,R > R0

P31 � PfjjdTðhÞðĥT � hÞjj � ð1þ dÞ�1ð2Bð0Þc1Þ�1=2R1=2g (4.22)
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Increasing T and R, if necessary, for any b > 0 it is possible to specify a constant A31

such that the inequality

P31 � A31 exp f�a31Rg (4.23)

holds, with constant a31 satisfying the same inequality as a2 in (4.15).
It is not difficult also to understand that for arbitrary b > 0 there exists such a con-

stant A32 that for T > T0,R > R0

P32 � A32 exp f�a32Rg (4.24)

and for the constant a32 the second of the inequalities (4.20) is true.
Besides, it follows from Theorem 3.1 that for any b > 0 and T > T0,R > R0

P

�
sup

z2 0,H½ �
jYTðzÞj � ð1� T�1=2 � 2a�1=2ÞR

	
� 2 exp f�aYRg (4.25)

aY � D�1ðr	Þ � b, where constant Dðr	Þ is given by (3.19).
Collecting bounds (4.9), (4.10), (4.15), (4.19), (4.22)-(4.25), we see that for any b > 0

and T > T0,R > R0

P

�
T1=2 sup

z2 0,H½ �
jBTðz, ĥTÞ � BðzÞj � R

	
� A1 exp

�
� 1

16pf0ð1þ qÞ �
c0
c1
� b

� �
R

	

þðA21 þ A31Þ exp
�
� 1

16pf0ð1þ qÞ �
c0
c1
� 1
2Bð0Þ � b

� �
R

	

þðA22 þ A32Þ exp
�
� 1

2jjBjj2
� b

� �
R

	
þ 2 exp

�
� 1

Dðr	Þ � b
� �

R

	
(4.26)

Formula (3.19) for Dðr	Þ shows that Dðr	Þ > 2kBk2 ¼ 2
ffiffiffiffiffi
2p

p kf k2, and therefore from
the inequality (4.26) we obtain the statement of the theorem. w

Note that the constant a0 from (4.1) does not depend on true value h of regression
function parameter but depends on unknown norms f0, Bð0Þ ¼

Ð1
�1 f ðkÞdk ¼ jjf jj1, jjf jj2

of the spectral density f of the random noise e and on the integral
Ð e ffiffi

q
pð Þ

0 ln ð1þ
N ffiffi

q
p ðeÞÞde, regarding which we only know that it converges. It complicates the practical

applications of inequality (4.2), because, firstly, we do not know how small the constant
a0 is, secondly, we can not control the constants A1,A21,A31 in (4.26) due to the pecu-
liarities of obtaining general result of Sieders and Dzhaparidze (1987), on which the
proof of our Theorem 2.1 is based.
On the other hand it is possible to obtain from Theorem 4.1 important corollaries on

uniform in z 2 ½0,H� weak consistency of the residual correlogram as estimator of
covariance function BðzÞ:
Corollary 4.1. Let c 2 ½0, 1=2Þ, and h> 0 is and arbitrary number, R ¼ h T1=2�c.

Then under conditions of Theorem 4.1 for T > T0�
�

R0
h

� 2
1�2c

P

�
sup

z2½0,H�
jBTðz, ĥTÞ � BðzÞj � hT�c

	
� A exp f�ahT1=2�cg (4.27)
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Corollary 4.2. Let h> 0 be an arbitrary number, R ¼ h lnT. Then under conditions of
Theorem 4.1 for T > T0� exp fR0

h g

P

�
sup

z2½0,H�
jBTðz, ĥTÞ � BðzÞj � hð lnTÞT�1=2

	
� AT�ah (4.28)
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